Notes on Probability Theory
Jiezheng Wei*

February 25, 2026

This is my notes for the lecture “Probability Theory” provided by Professor Claudio

Landim. I add some content based on my own demands. All errors are my own.

1 Introduction

e The setup of probability theory.
The triplet (2, F,P) is called a probability space, or a probability measure space, or
generally just a measure space, in which
* (2: an abstract space.
x F: a o-algebral.
* [P: the probability measure.
The probability measure P : F — [0,1] is a set function
(i) P(@) =0.
(ii) For a sequence (A;);>; of mutually disjoint sets, i.e. A; N Ay = @ for all
J # k, we have P(U;A;) = > "7 P(A;)
(iii) P(Q2) = 1.
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Definition 1 (random variable). A real-valued random variable is a mapping X : 2 —
R, and X is B(R)-measurable where B(R) is the Borel o-algebra. That is, VA € B(R),
XA eF.

Anecdotal remark. Two legendary probability theorists, Joe Doob and William Feller,

had a story on the name of this measurable function. Doob wanted to call “random
variable” as “chance variable”, Feller wanted to call it “random variable”. In order to

be consistent in their textbooks, they tossed a coin and Feller won, see Snell (1997).

Definition 2 (Probability distribution measures). For X a R-valued random variable,

the distribution measure px is a measure on (R, B(R)) defined as
px(4) = PIX1(A)] = P : X(w) € A}

=P(X € A)

That is, the probability distribution measure is the pushforword measure on (R, B(R))
of the probability measure P on (€2, F).

So X transform the probability space (€2, F,P) N (R, B(R), ptx).

Remark: understanding the necessities of “measurability” of X in the definition of the

random variable.

Definition 3 (Distribution functions). Let X be a R-valued random variable, its

distribution function Fx : R — [0, 1] is defined as
Fx(z) = px((—o0,2]) = P(X < )
Proposition 1.1. The distribution function has the following properties.
(i) Fx is monotone, i.e., z <y = Fx(z) < Fx(y).
(i) Fy is cadlag.
(ili) lim, oo Fix(z) =1 and lim,, o Fx(z) = 0.

Remark: a function F': R — [0, 1] satisfying the three properties in Proposition 1.1 is

a distribution function.



e (Optional) A little more about collection of subsets. Let 2 denote the whole space, it
can the the sample space, or the transformed space in which a random variable takes

value. This part is based on Chapter 1 and Appendix A of Durrett (2019).

Definition 4 (semialgebra). A collection of subsets, say S, is a semialgebra if (i)

A BeS = ANBeS; (i) Ae S = A°is a finite disjoint union of sets in S.

Definition 5 (algebra). A collection of subsets, say A, is an algebra if (i) A,B €
A= ANBeA (ii)Ac A = A°c A

Remark 1: clearly an algebra is a semialgebra, a o-algebra is a algebra.
Remark 2: the algebra can be equivalently defined as (i) closed under union; (ii) closed

under complement.

Lemma 1.1. Let S be a semialgebra, then S = {finite disjoint unions of sets in S} is

a algebra called algebra generated by S.

Proof. (i) Let A,B € S, then A =758, for S; € Sand B =" T; for T; € S,
then ANB =71 Y70 S;N Ty, note S;NT; €S, 50 ANB € S; (ii) let A € S, then
A =375 S; where S; € S, and A° = N5, S¢ € S by the reasoning that S¢ can be

written as finite disjoint union of sets in S, so S¢ € S and (i). O

Definition 6 (7-system). A collection of subsets P, is a 7w-system if A, B € P —
ANBeP.

Definition 7 (A\-system). A collection of subsets £, is a A-system if (i) Q € L£; (ii)
A BelL,ACB — B\Aec/L;(iii)if A, € Land A, T A, then A € L.

Theorem 1.1 (Dynkin’s -\ theorem). Let P be a m-system and £ be a A-system

containing P, then o(P) C L.

Proof. Step 1. If £(P) is the smallest A-system containing P, then ¢(P) is a o-algebra.

Note: a A-system that is closed under intersection is a o-algebra. Because (i) Q € L

is given; ()2 € L, A€ Land A C Q,s0 A°=Q\ A € £; (iii) first we realize L is
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closed under finite union for A; U Ay = (A{ N A5)°. Thus let A; € £ and B,, = U | A,
so B, € L and B, T U A;, so U2 A; € L.

Then it’s sufficient to show £(P) is closed under intersection. Define G4 = {B : ANB €
((P)}. We show

(a)

If A€ ((P), then G4 is a A-system.

i) QNA = A€ UP), so Q € Gu; (ii) Let B,C € G4 and B C C, then
(C\B)NA=(CnNnA\(BNA) € {(P) for CNA€(P), BNA € IP),
(BNA) C (CNA) and the fact that ¢(P) is a A-system, so C'\ B € G4; (iii) Let
B, € Ga,¥n and B, T B, so we have (B, N A) 1 (BN A)and B, NA € {(P) for
all n, so BN A € ((P) for £(P) being the A-system.

If A, B € {(P), then AN B € ((P).

If A€ P C {(P), then P C G4 for P is a m-system, thus (a) implies {(P) C G4.
So we have, if A € P and B € {(P)(C Ga), then AN B € {(P) by definition of
Ga.

By the above argument interchanging the role of A and B, we have, if A € ((P)
and B € P, then AU B € {(P). This implies P C G4 by the arbitrariness of B.
So {(P) C Ga.

Therefore take A € ((P) and B € {(P) C G4, then ANB € {(P) by the definition
of G4. This finish the proof of the 7 — A\ theorem.

Step 2. Clearly, a o-algebra is a A-system, so o(P) C ¢(P) C L. O

Definition 8 (A measure on algebra). A set function p is a measure on algebra A,

ue A— Rif

(i)
(i)

u(A) > u(@) =0 for all A € A.

if A; € A are disjoint and their union is in A, then pu(U2,A;) = 37 u(A;).

Definition 9 (o-finiteness of a measure). A measure is o-finite if 3A4; € A and pu(4;) <

oo fori € {1,2,---}, and U2, A; = Q.

Theorem 1.2. Let S be a semialgebra and let p: & — R, with (@) = 0. Suppose
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(1) pis finite-additive. p(d 1, i) = D iy pu(Si).

(ii) p is o-subadditive. p(> =, Si) <> ooy p(Si).
where ) for sets means disjoint union. Then

(a) p has a unique extension ji that is a measure on S.
(b) If p is o-finite measure on an algebra 4, then there is a unique extension v that

is a measure on o(S).

Remark. The statement (b) is actually the Carathéodory extension theorem.

Proof. (a) Recall Lemma 1.1 that S is the collection of finite disjoint union of set in

S. For A € §, suppose A =" B, for B; € S, define ji(A) = >_""% u(B;).

To check whether or not i is well defined. Suppose meanwhile A = »""¢ C; for
Ci € S. We need to check 31 pu(B;) = 371 u(C;). Note B; = 3379 (B; N C;) and
Cj =225 (05N B;) so

ngp ngc nc mnpB
Zu ZZ,LLBHC ZZ,LLBHC Z (C5)
=1 j5=1 7j=1 =1 7j=1

This establish the well-definedness of ji.

It’s trivial that ji is additive: if A, B € S and they are disjoint, then ji(A + B) =
@(A) + p(B). What we need to check is the o-additivity by recalling Definition 8
of a measure on algebra. Let (B;); be a sequence of disjoint sets and B; € S for
i=1,2,--,00. Thus B; ="' S;; where S;; € S. Note

S aB) =Y u(Siy)

i=1 i=1 j=1
Note the RHS of the above is still a countable sum and » 3%, B; = > 377, > 7" Si 5, so
without loss of generality we can assume B; € S by the trick that we replace B; by S; ;.
Let A= B;and A€ S, s0 A= > 2 Ty where Ty € S and T = Y 7% (T N By),

so (ii) implies

u(A) = SZZ (TN B)=>_ > wTynB)=> u(B
j:l j=1 i=1 i=1 j=1 i=1

5



where the last equality is due to (i). To prove the opposite inequality, let A, = > | B;
and C,, = AN A¢. Note A, € S, so AS € S and we have C,, = ANAS € S for S being

an algebra. So
(A) = A(By) + A(B) + -+ + A(Bn) + i(Cy) = Y i(By) + i(Bs) + -+ + [i( By)

letting n — oo gives fi(A) > >, fi(B;). This finishes the proof that i is o-additive.

And (b) relies on Carathéodory extension theorem. O

Lemma 1.2. Let P be a w-system, if v;, vy are measures on o-algebras F; and F
where o(P) C Fy and o(P) C Fo. And vy, vy agree on P. Moreover if 3 a sequence
A, € P with A, 1 Q, then v; and vy agree on o(P).

Proof. Take A € P, then vy(A) = v9(A) and define
La={Beco(P):vi(ANB)=uv(ANB)}

we claim that L4 is a A-system. (i) Q € L4, trivial; (ii) suppose B,C € L4 and C C B,

then

n(AN(B\C) = v (AN B)\ (ANC)) L v (AN B) — 01 (AN C)

2 1s(AN B) —0,(ANC) = vy (AN (B\ O))

where step (1) is due to v; is also a measure on o(P) and step (2) is due to B,C € L.

(iii) Let D,, € L — A and D,, T D, so

v (AND) = lim vy(AND,)= lim vs(AND,) =v(AN D)

n—oQ n—o0

where the first and the last equality is due to that A N D,, is monotone. This finish

the proof that L4 is a A-system.

Since VE € P, ANE € P,so v1(ANE) = v(ANE), implying E € L4. Thus P C L4,
and -\ theorem tells o(P) C L4 for any A € P. This gives us o(P) C L4, for all n.
So for any F' € L,

v(F N A) = ua(FNA)

Letting n — oo and monotonicity of (FFNA,) T FNQ = F gives v1(F) = vy(F) for

any F' € o(P). This completes the proof that v; and vy will agree on o(P). O
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Lemma 1.3. A measure i (not necessarily o-finite) defined on an algebra A has an

extension to o(A).

Proof. This proof not only proves, but also clarifies math concepts.

If £ C Q, define the outer measure

*(E) = inf A;), where E C U;A;, where A; € A, Vi
(B = it 3 u4)

Suppose v is a measure that agrees with p on A, and moreover defined for F, then

v(E) < v(UiA) < u(A) = ZM(Az’)

(2

so p*(E) is an upper bound on the measure of E. Intuitively, measurable sets are ones

for which the upper bound is tight. F is measurable if
W(F)=p (FNE)+u (FNES, VFCQ
Immediately, we have

(i) Monotonicity. If £ C F', then p*(E) < p*(F')

(ii) Subadditivity. If F' C
[

Theorem 1.3 (Carathéodory extension theorem). Let u be a o-finite measure on an

algebra A. Then p has an unique extension to o(.A).

Proof. (1) Existence.

(2) Let’s prove uniqueness first. O

Then we go back to our probability theory.

Theorem 1.4. There is one-one correspondence between probability distribution mea-

sure and the distribution function. That is,



(1) If p is a probability distribution measure on (R, B(R)), then F(z) = pu((—oo, x]) is
a distribution function.

(2) If F(x) is a distribution function, then there exists a probability distribution mea-

sure p that generates F'.

Proof. (1) by the Proposition 1.1.
(2) The proof relies on Carathéodory extension theorem.

Define p((a,b]) = F(b)— F(a), consider the collection S = {(a,b] : —oo < a < b < oo}.
Then p: S — [0,1] and S is a semi-algebra.

And p is o-additive O

Remark. In some books and papers, it is by default assumed that the sample space
and support space of X are the same, of course this can be done by treating X (w) = w.
Moreover, Theorem 1.4 tells us it loses nothing to directly treat the support space of X
as its sample space, and the distribution probability measure (pushforward measure)

to be the probability measure.

Definition 10 (Discrete random variables). X is a discrete random variable iff 3 a

countable set Z C R, s.t. P(X € &) = 1.

Definition 11 (Discrete distribution functions). The distribution function F' is dis-
crete iff 3 countable sets # = {z; : z; € R} and {P;} with } . P; = 1, s.t.
F(z) = >2;.,<. Fj- (Check that F'in this definition is indeed a distribution func-

tion, i.e. check the 3 properties).

Exercise. If a random variable X is discrete, then its distribution function is discrete.

Completion of a probability space.

We first introduce the completeness concept of a probability space, then proceed the

development of the idea.



Definition 12 (Complete probability space). A probability space (€2, F,P) is said to
be complete if VA C F where F' € F and P(F') =0, A € F. And if so, we also say F

is P-complete or just complete if it’s clear what the underlying P is.

Let (2, F,P) be a probability space. Call N a P-null set if N € F and P(N) =0. A
set B C () is said to be P-negligible if there exists a P-null set N s.t. B C N, note
here B is not necessarily measurable. Let N' = {B C Q : B is P-negligible}. Clearly

in these terminologies, F is P-complete if every P-negligible set belongs to F.

If F is not complete, define its P-completion as follows.
F={AUM:AcF,McN}

Proposition 1.2. F is a c-algebra.

Proof. F is a o-algebra:

(i) Note Q =QU M for any M € N.
(ii) Suppose AU M € F, then (AU M)¢ = A°N M¢. Note M is negligible, so 3 a
P-null set N € F,s.t. M C N,so N°C M¢
(AUM) =ANM=A°N(N°U M\ N9))
= (AN N°)U(A°N(M°\ N9))
= (A°NN)U(A°NM°NN)
note (A°NN¢) € F and (A°NM°NN)eN.

(iii) Let Ay U My, Ay U My, --- € F, then

U(AnUMn) = (U An) U (U Mn)

clearly U~ A, € F, suppose M, C N,, with N,, € F and P(N,,) = 0. So
UM, c N,
n=1 n=1

thus P(U,Z, M) < P(UZ Na) < 2502 P(NR) = 0,50 U2y My €N
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We can define a new probability measure over F as P : F — [0,1] by

P(AUM) =P(A), AeF MeN

Proposition 1.3. P is an extension of P.

Proof. We need to show (a) IP is a probability measure on F; (b) F C F and P(A) =
P(A) for all A € F. For (a), let’s check the three requirements.

(i) (AU M) =P(A) > 0.

(ii) Let {A, U M;}r>1 be disjoint sets in F, so {4y }x>1 are also disjoint, thus

P G(AnUMn)] —P (GAn)u(G Mn)] (—i)]P)(GAn)
— iIP’(An) - f:fp(An U M,)

where equality () is due to ,—, M,, € N.
(iii) P*(Q) =P*(QU M) =P(2) =1 for all M € N.
For (b), we note @ € N. Therefore VA € F, A= AU@ € F, we have F C F and

P(A) = P(AU @) = P(A). O
Proposition 1.4. F is P-complete, so indeed every o-algebra has a completion.
Proof. For the probability space (2, F,P), we need to show for every P-negligible set

M, M € F. The idea of proof is to show M is also P-negligible.

Suppose AN € F, s.t. M C N and P(N) = 0. Let’s write N = A’U M’ where A’ € F
and M’ is P-negligible. And we have P(A’UM’) = P(A") = 0. Note M’ is P-negligible,
sodN' € F,s.t. M' C N and P(N') = 0. Clearly (A’UN’) € F, thus its P-probability

P(A'UN') < P(A) +P(N') = 0

thus (A’ U N’) is a P-null set, and note M C N = (A’UM’) C (A’UN’). Thus M is a
P-negligible set. Note @ € F,so M =@ UM € F. O
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We have shown (€, F,P) is a complete extension of (€2, F,P), and there might be other
complete extensions (2, F*,P*) which means F C F* and P*|z = P on F. We note

complete extensions can be different.

Proposition 1.5. Let (€2, 77, P}) and (2, 75, P3) be two complete extensions of (£2, F, P).
Then it’s possible that P} and P35 don’t agree with each other on Fi N F5.

Proof. To be added. ]

And there is a reason why we consider the completion procedure of F.

Proposition 1.6. (€2, F,P) is the minimum complete extension.
Proof. To be added. O

e Kolmogorov extension theorem.

2 Independence

This section is where probability theory differs from measure theory. As P37 of Durrett
(2019) says: “Measure theory ends and probability theory begins with the definition of

independence.”

e Consider the probability space (2, F,P), let A € F, we call A an event.

Definition 13 (Independence of events). Events A, Ay, -+, Ay are independent if
for any {ny,--- ,n,} C{1,---, N} with n; # n; if i # j, we have

P(M?_, An)) = [[P(An,)

7=1
Definition 14 (Independence of random variables). Random variables X7, Xo, -+, Xy
are independent if for any By, By, -+, By € B(R),

P [N, {X; € Bj}] = [[P(X; € B))

j=1
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Moreover, we can extend the concept to suit a possibly continuously indexed set of
random variables (a continuous-time stochastic process). A family of random variables
{X, : a € I} are independent if VN and V{ay, -+ ,an} C I, Xa,, -, Xa, are

independent.
Lemma 2.1. If {X;,---, Xy} are independent, then Vp < N, {X,,---, X, } is

independent where n; # ny, for j # k.

Proof. The lemma is proved by noting
P {X,, € B} P[0, {X; € A}] = IV P(X; € A) = IP_P(X, € B;)
i=11%n; j =114V i i=1 i i j=1 j j
where step (%) is by defining A; as
Bj lf Z = le

R ifi¢{ny,---,n,}

A=

]

Definition 15 (Random vector). Consider a probability space (€2, F,P) and the mea-
surable space (RY,B(R")), then X : Q — RY is a random vector if VA € B(R"),
XA e F.

Remark. Clearly we can define distribution function and probability distribution mea-
sure for random vectors. Let X = (X;,---,Xy)' be a random vector, then the
distribution function of X is Fx : RY — [0,1] and Fx(z) = P(X; < 21, , Xy < 2n)
for z = (21, ,xn)". And px on (RN, B(RY)) is pux(A) = P(X1(A)) =P(X € A).

Lemma 2.2. Let’s denote a random vector by X = (Xy,---, Xy)" and X; has dis-
tribution function F'y, and probability distribution function px;. Then the following

three is equivalent

(i) Xy,---, Xy are independent iff Fx(zq, - ,xy) = Hi\; Fx,(z;) where z; € R.
(ii) Xi1,---, Xy are independent iff pux(B; x --- x By) = [V, px,(B;) where By’s

are Borel sets.
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Proof. Left as an exercise. Some extension from (—oo, z;] to any Borel sets. [

Theorem 2.1. Let X;,---, Xy be independent real-valued random variables, and
fi, fa,- -+, fnv : R — R are Borel measurable functions, then fi(Xy), -, fn(Xy) are

independent.

Proof. Let By,--- , By denote Borel sets, so

[P em] - s en

=1

H {fi(Xi) € Bi}]

.

where step () is because f; *(B;)’s are Borel sets. O

Theorem 2.2. Let Xi,---, Xy be independent real-valued random variables, 1 <

ny <ng <--- <n, =N and Borel measurable functions

fiiR™ SR

fi i RYTH 3R for2<j5<p

then f1(X1, -+, Xny)s o(Xosts -+ Xog)s -+ fo( Xy 141, » X)) are independent.

Proof. Left as exercise. O]

Theorem 2.3. On probability space (€2, F,P), let X and Y be independent and inte-
grable which means E|X| < oo, E|Y| < 0o, then we have E(XY) = E(X)E(Y)

Proof. ]

Applications of Independence

Weak law of large numbers.

Theorem 3.1. Suppose {X;,j > 1} are i.i.d., defined on the same (2, F,P) with
EX? < oo, E|X;| < oo, m=EX;. T
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4 Large Deviation for 2.:.d. RVs, Upper Bound

On a probability space (€2, F,P), we define a sequence of #id r.v.’s (X,,)n>1.

We assume for any A > 0, Ee*1 < oo

5 Large Deviation, Lower Bound

6 Convergence of Random Variables.

Fix a probability space (2, F,P), and we consider a sequence of r.v.’s (X,,),>1 defined on

the probability space. Usually we let X denote the limit of the sequence.

e Definitions. The first perception about the notion of convergence of random variables
might be X,, —» X if X,,(w) = X(w),Vw € Q, but this is too demanding and exclude

the allowance of randomness in closeness.

Definition 16 (Almost sure convergence). X, “3 X iff 3A € F,P(A) = 1, s.t.
Yw € Q, X, (w) = X(w).

Remark 1. X,(w) - X(w) & Ve > 0,3ng, s.t. n > ng, | Xp(w) — X(w)] < e It’s

equivalent to say
1
w € mel Un021 ﬂ@no{w' : |Xn(w') — X(w')| < E} e F

because indeed {|X, — X| < 1} € F. Therefore X,, =¥ X <

1
P{Mk>1 Un>1 Nimzn| X — X| < E} =1 (1)
1
1
& lim P{0nl X - X| € 7} = LWk >1 (3)
n—oo

Proposition 6.1. We have
X, X
< lim P(Npsn{| X — X| <e}) =1,Ve >0
n—oo -

< lim P(Upsn{| X — X| >¢€}) =0,Ve >0
n—oo -
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Definition 17 (Convergence in probability). X, B X iff Ve > 0, lim, oo P(| X, —

X|>e¢e)=0.

Lemma 6.1. If X,, 5 X, then X, - X.

Proof. P(|X,, — X| > &) < P(Upsn{|Xm — X| > €}) = 0 due to X,, 5 X.

Lemma 6.2 (Subsequence characterization of convergence in probability). We have

following results.

(i) If X, = X, then 3{ny s, s.t. X, =5 X,

O

(ii) If for any subsequence (ng)k>1 of (X,,)n>1, there exists a subsubsequence (ng,)e>1,

s.t. Xy, — X as { = oo, then X, — X.

Proof. (i) Convergence in probability implies Ve > 0, lim,, ., P(|X,, — X| > ¢) = 0.

Then & = 1/2% gives lim, ,o P(|X,, — X| > 1/2%) = 0 means Ing, s.t. n > ny,

P(| X, — X| > 1/2¥) < 1/2%. Then we need to show X,,, 3 X. It’s equivalent to show

khm P(UZZk{’an — X’ > 8}) = O,VS >0
—00

It’s equivalent to show Ve > 0, Vd > 0, 3k, s.t. for k > ko, P(Us{| Xn, —X| > e} < 0.

We choose kq such that

Therefore

P(Urzk{| X, — X| > €}) < P(Uip{] X, — X| > 1/2})

o

1

<Y PN - X] > 1/2) € o < s <6

=k

so we finish the proof of (i).

(i)

]

Definition 18 (Convergence in L?). 0 < p < 00, X, X iff lim,, o E| X, — X [P — 0.
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Lemma 6.3. If X,, 25 X for p € (0,00), then X, 5 X,

Proof. By Chebyshev, P(|X,, — X| > ¢) =P(|X,, — X|? > ¢P) < E‘X’;—;X‘p — 0. O

Theorem 6.1. If X, 5 X, 3Y, s.t. | X,,| < Y,Vn, and E(Y?) < 0o, then X,, 5 X.

Proof. X, % X implies 3 a subsequence (ng)i>1, Xn, =5 X. So X,,, (w) — X (w), note
| X, | <Y, therefore | X| <Y. Consider a decomposition
EIX, — X[ = E(1X, — X|7 - Lix,-xj<e + [ X = X7 Lix, - xp5)
gsp+/ X, — X|PdP — & 4+ 0
Ap

where A, = {w € Q: | X, (w) — X(w)| > e} and P(4,) — 0, note |X,, — X|P < 2PYP,
thus E|X,, — X|P < 2PE(Y?) < co. Letting € — 0 gives the result. O

e Examples.

Example 1 (g =5 ﬂ;) Let the probability triplet be ([0, 1), B[0, 1), A) where \ is the
Lebesgue measure.

LP a.s.)

Example 2 (& =5 =

The Borel-Cantelli lemma.

e Limits of sets.

Let (E,)n>1 be subsets of §2 in F.

limsup E,, = Np>1 Upsn By (4)

hHl mf En = Unzl mmzn Em (’5>

Theorem 7.1 (Fatou’s Lemma). We have a probability space (Q2, F,P), and A,, € F,
Vn

P(liminf A,) <liminfP(A4,) <limsupP(4,) < P(limsup A,)

n n

Consequently if A,, — A, then P(4,,) — P(A)
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Proof. We note

P(liminf A,,) = P(Up>1 Nisn Ar) = lm P(Ny>pAr) < liminf P(A,)

n—oo

where the last equality is due to N,,>,A,, is increasing in n and the last inequality is

due to P(Ny>nAm) < P(A,) for all n. And similarly

limsupP(A,) <lmP(Uy,>nAnm) = P(Nn>1 Unsn Ar) = P(limsup A,,)

n n

Thus the Fatou’s lemma is proved.

Note if A, — A, then liminf, A, = limsup,, A,, so by Fatou’s lemma, P(liminf, A,) =
liminf, P(A,) = limsup,, P(A4,) = P(limsup,, 4,) = P(A). lim, P(A,,) = P(A). O
The main result.

Lemma 7.1 (Borel-Cantelli lemma). (a) If Y P(E,) < oo, then P(E, i.0.) = 0.

Or equivalently

P[(limsup E,,)°] = P[liminf £ ] =1
(b) If > P(E,) = oo and E,’s are independent, then P(E, i.0.) = 1.
Proof. O]

Remark: (1) One can use the first part, (a) of the Borel-Cantelli lemma to show a

sufficient condition for the strong law of large number (SLLN) is E(|X;|*) < oo.

(2) One can use the second claim of the Borel-Cantelli lemma to show the necessary

condition of SLLN is E| X} | < oo.

(3) This is the first example of 0-1 law.
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Weak Convergence 1: Helly’s Theorem, Tightness,
and Prokhorov’s Theorem

e The definition of weak convergence.

On Borel-o-algebra (R, B) are defined a sequence of probability measures (fi,),>1 and
a probability measure p. One may consider defining p,, “in some sense” converges to

1 via sup of “probabilities difference” tending to zero, say if

[t — el v = sup |pn(A) — p(A)] =0
AeB

However, one will soon realize that it is not a good definition. For example, u,(A) =

0z, (A) and pu(A) = 0,(A) with x,, # z, let x,, — x, then it’s quite embarrassing to find

sup [p,(A) — p(A)| =1
AeB

One may think the issue can be due to B which is too large to lower down the “sup”,
however replacing B by a much smaller class Z which consists of intervals doesn’t
solve the definition problem. Therefore, we must abandon “sup” in the definition and

consider a very weak version of convergence.

Definition 19 (Weak convergence). A sequence of probability measures® p, weakly

converges to i, written as fi, 4 o or fi, ~ p if for all intervals of type (a, b, p,(a, b] —
u(a,b) and p({a}) = pu({b}) = 0.

Remark. In many books or papers, different conventions or notations may be adopted.
In summary, “converge in distribution” (i>), “converge in law” (£>), and “weak con-
verge” (= or ~»), written for probability (distribution) measures, distribution func-

tions, random variables, all are of the same meaning.

Theorem 8.1. p, ~ p iff F,(zr) — F(z) for all continuity points z’s of F', where

F,, = pn(—00, z] is the distribution function of p, and so is F' for p.

Theorem 8.2. If F(z) is a distribution function, then the set of discontinuity points

of F' is at most countable.

2For probability measures not defined on R, one can consider probability distribution measures.

18



Definition 20. We define X, Lopd X, if Fx, — Fx. Note X,, and X don’t need to

be in the same probability space.

e We denote the family of distribution functions® by A/, and define the family of gener-

alized distribution functions* as M.

Theorem 8.3 (Helly’s selection theorem). (F,),>; is a sequence of distribution func-
tions, then 3G € M and 3 a subsequence (ny)y>1, s.t. F,, — G, ie. F, (z)—G(z),
for all z € {t: G(t—) = G(¢)}.

Proof. To be complete. O]

Remark. We provide an example where G indeed belongs to M and M cannot be
replaced by M. Note if F,(z) = d,(—00,x], then F,, — 0, and if F,, = d_,(—o0, 2],
then F,, — 1.

Theorem 8.4. For a sequence of distribution functions (F},),>1, if its any weakly

convergent subsequence (ng)r>; weakly converges to the same limit Gy, then F, A Go.

e How to make sure the limit GG is indeed a distribution function, not a generalized

distribution function? We need the concept of tightness.

Definition 21 (Tightness of a set of probability measures). A set of distribution
measures {/i,, @ € I}, i.e. probability measures on R, is tight if given any € > 0, there

exists a interval [a., b.| such that u,([ac,b.]) > 1 —¢ for all a € I.

Theorem 8.5. The sequence (F,),>1 is tight < for any subsequence (ny)g>1 which

satisfies F},, L G e M, then GeEN.

Proof. O]

3A generic element F': R — [0,1] of A satisfies 3 conditions: (1) monotone: x <y = F(z) < F(y); (2)

F is cadlag; (3) limy oo F(z) = 1 and lim,_,_o F'(z) = 0.
4A generic element G : R — [0, 1] of M satisfies 3 conditions: (1) & (2) the same as N; (3) lim, oo F(z) <

1 and lim,_, o F(z) > 0.
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In conclusion, if we want a nice statement such as a sequence of distribution functions

(F,)n>1 weakly converges to G € N. We need
(1) to show the “subsequence” distribution function limit is unique.

(2) to show the sequence (F},) is tight.

e Prokhorov’s Theorem.

Given a metric space X with Borel-o-algebra A, say the measurable space (X,.A), we
consider probability measures on it. This is related to the Blackwell’s idea on statistical
experiment and later the Le Cam distance of experiments. This part of notes is based

on Chapter 5 of Billingsley (1999), also see Theorem 36 of Pollard (2002).

Definition 22 (Relatively compact). Let IT be a family of probability measures on
(X, A), then II is called relatively compact if every sequence in Il contains a weakly
convergent subsequence. That is, V(P ),>1 in I, 3(P,, )g>1 s.t. Py, ~» Q where Q is a

Probability measure on (X, .4) but not necessarily in II.

Remark. When we say the relative compactness of a sequence of probability measures
(Py)n>1, it should be clear that this means every subsequence (P, )r>1 contains a
~ Q for some probability measure Q.

subsubsequence (P Jm>1, s.t. P

Tk (m) Tk(m)

Definition 23 (Tightness). The family II is tight if given any € > 0, 3 a compact set
K,s.t. P(K) > 1—¢ for every P in II.

Theorem 8.6 (Prokhorov’s Theorem). We have the following

(i) If II is tight, then II is relatively compact.

(ii) Suppose X is separable and complete (a Polish space), then II is tight iff 1T is

relatively compact.

9 Weak convergence 2.

e There are two ways of defining weak convergence, one is by the pointwise convergence
of distribution functions for continuity points, the other is via integral (expectation).

Its underlying reason is the Helly-Bray theorem as follows.
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Theorem 9.1 (Helly-Bray theorem). Let (u,),>1 and p be probability measures on
R or probability distribution measures, then p, — p < Vf € Cy(R), [ fdu, — [ fdu,
or we say E(f) = Ea(f)

Note: bounded + continuous function + compact domain = uniformly continuous.
Proof. O

Note. For textbook expositions, see Lemma 2 in Chapter 8 of Chow and Teicher (1997),
and Theorem 12.7 in Morters and Peres (2010).
e One can show the following.
(1) If X, 5 X, then X, % X.
(2) If X, % ¢ where ¢ is a constant, then X, 5e.
Following (3) to (5) are Slutsky’s theorem.
(3) If X, % X and Y, % ¢, then X, + Y, % X +c.

(4) If X, % X and Y, 5 ¢, then X,.Y, % ¢X.

(5) If X, % X and Y, % ¢, then &= 5 X,

e Skorohod Representation Theorem.

Theorem 9.2 (Skorohod representation theorem). If X, ' , then 3(Y},),>1 and Y
defined in a new probability space, s.t. X, 2 Y, X 2z Y,and Y, ¥ Y.

10 Convergence of elements in function space.

10.1 The space C]0,1].

10.2 The space DJ0,1].

11 Characteristic function.

e The content of this bullet point is based on Chapter 8 of Chow and Teicher (1997).
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The characteristic function for r.v. X is defined as
px(t) =E(™) = [ ear () ©)
= Ecos(tX) +iEsin(tX) = /cos(ta:)dF(x) +1 / sin(tz)dF(x) (7)
It is called characteristic function because it’s uniquely determined by F'.

Theorem 11.1 (Lévy inversion formula). If X is a r.v. with c.f. ¢, then V — 0o <

a<b< oo,
C _—ita —ith
: € € (X =a)+P(X =)
lim — t)dt =P X<b
e 27T/C AU (a <X <b)+ 2 ®)

Proof. For C > 0, set

1 C _—ita __ ,—ith 1 C —ita __ ,—ith )
I(C) / #S@(ﬂdt = _/ iE(eltX)dt
t 21 —C 1t

" or

_C ]
1 C it(X—a) _ git(X—b)
=—E / - dt by Fubini’s theorem and integrand is bdd Vw
27T -C 1t
1 [ cost(X —a)—cost(X —b)  sint(X —a)—sint(X —b
:—]E/ cos t( a)' cos t( )+SII1 ( a) — sint( )dt
2 J_ ¢ 1t t

X—a)— X—b) . . (X —a)—sin t(X —
cos t( a)itcost( b) is a odd function and sin t( a)tsmt( b)

1(C) = lE/C sint(X —a) —sint(X — b)dt

™ t

1 “sint(X — a) AV “sint(X —b) B
- E[/O X e /O—<X_b)t d(X — bt

note is an even function, so

i
1 C(X=a) gint C(X=b) i ¢
) / ﬂdt—/ R4t = BJo(X)
T 0 t 0 t
where
.
1 a<u<b
1 Clu—a) _: t -
JC(U):—/ &dt% L u=uab
T Jow-v) t 2
0 u<a,u>Db

\

for [ #2dt = Z and the tail integral is zero, this is known as the Dirichlet integral.

Since |Jeo| < 2 for all w and C, then by dominated convergence theorem.

. . _ 1
lim I(O) = Clggo ch(X) = Eclglgo Jc(X) = El{a<x<b} + §E1{X:a or b}

C—o0

This completes the proof. O
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Corollary 11.1. There is a one-to-one correspondence between distribution functions

on R and their characteristic functions.

Proof. O]

Corollary 11.2. If [7_|p(t)|dt < oo, then for —co < a < b < oo,

1 0o ,—ita _ ,—ith P(X = P(X =
e )t = Pla < X < b)+ ¢ a); (X =0)

o | it
Then we list all the properties of characteristic functions.

Proposition 11.1 (Some basic properties). We have the following

(1) ¢x(0) =1.
(2) lex(t) < 1.

(3) px(t) is positive semidefinite, meaning that Vn € N, V¢ € C", we have
Z&@X(ti - t]')gj = 0.
i=1

where ty,--- ,t, are any real numbers and &, --- , &, are any complex numbers.

(4) px(=t) = ox(t).

(5) ¢x(t) is uniformly continuous.

(6) If X and Y are independent, then ¢xy(t) = @x(t)ey(t).

(7) If X ~ N(0,1), then oy (t) = e /2,

(8) If Y ~ N (11, 02), then @y (t) = eitr=o"1*/2,

(9) If X ~ Poisson(\), then px(t) = exp[A(e" — 1)].
(10) If X ~ Poisson(a, A), that is P(X = ak) = %e*’\, then px(t) = exp[A(e —1)].
(11) If X; ~ Poisson(a;, A;) for 1 < j <, then exp[Zizl Aj (et —1)].

(12) 1—Re(p(t)) < 4[1 = Re(p(t/2))]
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Proof. (1) (6) are omitted.

(2) lox(t)] = |E(e"™)] = |E(cos(tX) + isin(tX))] < E|cos(tX) +isin(tX)| <El = 1.

(4) px(=t) = E(e”X) = E(cos(tX)) — iE(sin(tX)) = E(cos(tX)) +iE(sin(tX)) =

|Q0X(t+ At) | _ ‘E i(tHAH)X itX)’ — ‘EeitX(eiAtX . 1)|

k _ (Aeit)F git_
(9) px(t) = (ti) Zk oeltk/;\gue = )\Zk 0 Ak' = M=,

(10) The same as (9).

(11) @, g, (£) = Ty explA; (e — 1)] = exp[}_; Aj(efr! — 1)] O

Main reuslts.

We have
Fou & Popy.

F': distribution function.
w: distribution measure, pushforward measure
P: probability measure

wx: characteristic function.

Theorem 11.2. Suppose p and v are two distribution measures, then
Oy =, = p=1.

Proof. <= part is trivial. What we need to show is ¢, = ¢, = p=v.

Step 1. Let Cy(R) denote the set of functions that are continuous with compact sup-

port. If we can show

[ futde) = [ potan), v e o)
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then it is sufficient to derive p = v which is trivial by contradiction. We need trigono-

metric polynomial for the proof.

Definition 24 (Trigonometric Polynomial). A function P : R — C is called a trigono-

metric polynomial if 3N > 1,C_y,--- ,Cy, s.t.
N
P(t) = Z Cjeit]
j=—N

Let’s recall a theorem from analysis.

Theorem 11.3. Let a function F' : R — C be continuous and periodic, then there

exists a trigonometric polynomial P, s.t. Ve > 0,

sup [F(t) = P(t)] < e

teR
]
Theorem 11.4. 30 < K < o0, s.t. Va > 0,V
11 K [
— )< = 1-— t))|dt
Mg g < 5 [ 1= Relo0) )

Corollary 11.3. Suppose (X,,)n>1 with p, and ¢, satisfying
(1) 36 > 0, p,u(t) = p(t) for all t € [4,].
(2) p(t) is continuous at ¢ = 0.

Then the sequence (X,,),>1 is tight.

Lévy continuity theorem.

The main results.

Theorem 12.1 (Glivenko). If ¢, and ¢ are the characteristic functions of probability
distributions P, and P respectively, for each n € N, then ¢,(t) — ¢(t) for all ¢ €

R? = P, — P weakly as n — oo.
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Theorem 12.2 (The Lévy continuity theorem). Let (X,,),>1 be a sequence of random

variables, if
(1) px, (t) = (t) for all t € R.
(2) ¢(t) is continuous at ¢t = 0.

Then X, converges in distribution to some random variable X whose characteristic
function is ¢(¢). That is to say, there exist a probability measure p on R s.t. i, — 4

where 1, is the probability distribution measure of X,.

Recall the conclusion in “ Weak convergence on R, part 1. 7. We need to show (1) is

tight and the uniqueness of subsequence limit.
Note: if pt,, — g, then Gun — Pp
A very useful formula is as follows, very useful to show the convergence in distribution

via characteristic functions.

Proposition 12.1. A random variable X, suppose E(|X|¥) < oo for an integer k > 1,
then

ext) =3 Wmpo) 4 ny (10

k
g J! k
Then |r(t)] < 4E[|X|*] for all t € R, and limy_,o7%(t) = 0.

Proof. To be added. m

We can apply the above proposition and Lévy continuity theorem to show a central

limit theorem stated as follows.

Corollary 12.1 (CLT). Suppose (X;,i = 1,---,n) are i.i.d. random variables with
E(X;) = p and E(X?) < oo and variance o2, then \/iﬁ Yo (X — ) LN N(0,0?%).

Proof. To be added. O
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13 Weak Law of Large Numbers.

e We have already shown via Markov inequality that suppose (X;,i =1, -+ ,n) are i.i.d
2
random variables with EX; = y and E|X?| < oo, then £ 3" | X; oL . In this section

we will relax the condition.

Theorem 13.1 (WLLN). X, Xy, -+, X, i.i.d. with E|X;| < co and let E(X;) = g,

then
X1+ -+ X, p
— L.
n
Proof 1 (Truncation,). O
Proof 2 (Characteristic function). ]

e Next let’s mention the Kolmogorov inequality, also known as the “maximal inequality”.

Theorem 13.2 (Kolmogorov). Suppose Xi, -, X,, are independent wih E(X;) = 0 and
E(X7) = 0f, and let S, = 377 X; denote them partial sum, then for all ¢ > 0,

1 —
P( max |Si| > ¢) < gz;aj
]:

1<k<n

Proof. The proof strategy is to translate maximal of sum to hitting times. m

The next inequality is due to Lévy.

Theorem 13.3 (Lévy). Let X;, X, -, X,, be independent random variables, suppose

for some a > 0, there exists § € (0,1) such that
P(IX; + -+ Xp| > g) <5  Vi<j<n

then we have
P(max [S;| > a) <

1<j<n 1—96
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Proof strategy: Define T' = min{j : S; > a},

P(max [S;| > a, |5, < a/2) +]P>(1I?a<X 1S;| > a,|S,| > a/2)
>Jxn

1<j<n
n—1
SP(T<n, S <a/2)+6=> P(T=j|S]<a/2)+¢
j=1
n—1 n—1
<Y P(T =5,18, = Sjl = a/2) + 6 =Y P(T = j)P(|S, — S| > a/2) + 6

j=1 j=1

<OP(T<n—1)46 <IP(T <n)+6.

14 Series of Random Variables.

e The main result.

Theorem 14.1. Let X7, X5, -+, be independent random variables, and .S,, = 2?21 X;

whose distribution function is denoted by Fj, , then

(1) Fs, % F & 38,5, % S and the distribution function of S is F.
2)S, 5 Se S, %8s,

We need two lemmas to prove the theorem.

Lemma 14.1 (Cauchy in probability < convergence in probability). For (X,,),>1,

Xmn—X,D0asmn—oooeIrv. X, X, > X. (11)

Proof. = (harder): Ve > 0, lim,, , P(|X,, — X,| >¢) =0. Let ¢ = 1/2*, so0
Ing, st myn > ng, P(|X,, — X,| > 1/2%) < 1/2*
we can let ny < ngyq and np — 0o as k increases, therefore

P(|X

k41

— X, | > 1/2F) < 1/2%
Thus

P(Ujsi{|Xn, 1, — Xo,| > 1/27}) < 172771

i
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note the set Uj>p{| Xy, — Xy,| > 1/27} is decreasing as k increases, so we have

j+1

A= ﬂZO:1 UjZk {|Xn - Xm’ > 1/21}7 IP)(AC) = 07 P(A> =1

j+1

so A = Up2) Nysi {[ X, — Xo,| < 1/27}, for any w € A, we have X,, (w) = X(w)

!
Vj > 1 where X (w) defines the limit in the statement. The reason is because X, is

Cauchy in j, for integers p > q¢ > 1,

—

p—

p—1
Fixw, [X,, —X,|= |Z(an+1 — X)) <Y Xy, — X, <1729
Jj=q

Tj+1

.
Il

q
50 | X, (w) — X, (w)] = 0 if ¢ large, so X, (w) is Cauchy in j. This means X,, =3 X
and therefore X, 2% X. So Ve, 6 >0, X, 2 X gives

Jjo € Ny,s.t. j > jo, P(| X, — X| >¢/2) < /2
Cauchy in probability gives,
dng € Ny,s.t. myn > ng, P(|X,, — Xpn| > ¢/2) < 6/2

Thus for n > ny,

P(| X, — X|>¢) <P(|Xn — X, | >¢/2) +P(| Xy, — X|>¢/2) <0/2+6/2=146
if we choose a very large j s.t. n; > ng and j > Jjo.
<: X, B X means Ve > 0,0 > 0, Ing, s.t. n > ng, P[|X,, — X| > /2] < §/2. Note

Pl| X — Xo| > ] < P| X, — X| > ¢/2| + P X, — X| >¢/2] <0

and this holds with m,n > ng. So X,, — X, 20 as m,n — oo. ]

Note: one can also show that Cauchy a.s. < convergence a.s.

Lemma 14.2. For a sequence of random variables (X,,),>1, if

lim P[ max | X, — X, >¢]=0, Ve>0

mn—oo m<k<n

then 3 a random variable X, s.t. X, 3 X.

Proof. A proof to be completed. n
Then let’s go back to the main result of this section.

Proof of Theorem 14.1. T O
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15 Kolmogorov’s Three Series Theorem

Let (X,)n>1 be independent r.v., let S, = 2?21 X;.
e Main Results.
Theorem 15.1 (1l-series theorem). Suppose E(X;) = 0,Vj, 07 = E(X?) < oo, and

2
> j>1 07 < 00, then S, converges a.s.

We provide two proofs.
Proof 1. m

Proof 2. m

Theorem 15.2 (2-series theorem). Let EX; = y;, 07 = Var(X;), then if
(1) 27—, 1y converges;

(2) > 0]2- < 00.

then S,, converges a.s.

Proof. Simple corollary of Theorem 15.1. O]

Theorem 15.3 (3-series theorem). Given a constant ¢ > 0, let Y; = X;1{x,>¢ and

EY; = p;, 07 = Var(Y}), then if
(a) 2272 P(X; #Yj) < co. (Borel-Cantelli Lemma)
(b) >_7_, pj converges;

(c) D51 07 < 0.

Then S, = >77_| X; converges a.s.
Proof. The proof contains the intuition of the theorem. Since by Borel-Cantelli lemma,
P(X; # Y i.0.) = 0 < P( for some ng,n >ng, X, =Y,) =1

which implies ) X, converges iff > Y, converges a.s., and by the 2-series theorem,

>, Y, converges. Thus S, converges a.s. O
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Applications: suppose (Xj);>1 are independent and P(X; = 1) = P(X; = —1) =

1/2, then we would like to explore if the series 2?21 % converges. This question is

(-1t
J

somewhat interesting since we know i % diverges and Z‘;’;l = log 2.

Theorem 15.4 (converse of 3-series theorem). Suppose (X;);>; independent, S, =
2?21 Xj a.s. converges, then VA > 0, define Y; = X;1x,<a, then the three series

satisfy:

(a) 2252 P(X; # ;) < oo

(b) >_7—; E(Y]) converges;

(c) 221 Var(Y;) < oo.

Lemma 15.1. Suppose (Y;);>1 are independent, and
(a) |Y;] < C for some constant C'.

(b) E(Y;) =0

(c) D27_, Yj converges a.s. as n — o0.

Then > 772, Var(Y;) < co.
Proof. Let S, =", Y;. For £ >0, define

Step 1: we claim: 3¢ > 0. s.t. V§ € (0,1),Vn, P(AY) > 6.

Proof of the claim: Because A’ is decreasing as n increases, we actually need to show
P(|S,| < ¢,¥n) > 6. Note S, ©3 S, so Ve > 0, Ing > 0, s.t. n > ng, |S, — S| < ¢ as.

Using probability, it implies that
1
P(Mz1 Unz1 Mpza{lSy = S1< }) =1

Thus if we take k = 1, we get P(U,>1Mpsn {|S,— S| < 1}) = 1, since Np>p{]S,— S| < 1}

is increasing in n, then

P(Un>1 Mp>n {|Sp -8 <1}) = Ji_{gop(mpznﬂsp -85 <1}) =1
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so Vo € (0,1/3), In’, s.t.
P(Pyond[Sy — S| < 1) 2 16, (12)
Note limg o P(|S| > A) =0, so A, s.t. P(|S]| > A) < ¢ which means
P(S[<A)>1-96 (13)
Therefore® by (12) and (13),
P(Ppsnd[Sl < 1+ A}) 2 B(IS] < A, NponrdlS, - SIS 1) 2 1-26 (14)
And again, note limp_, P(|S;| > B) =0 for 1 < j <n'. So 3B, > 0, s.t.
B(IS)| > B) <

let B = maxi<j<, Bj, therefore P(|S;| > B) < §/n/,

IP(II%% S| > B) < ;qujy >B)<4 (15)

Let K = max(B,1+ A), by (14) and (15), we have
P(S;| < K,¥j>1)>1-30
The K is the ¢ we want, and 1 — 30 can be any value in (0, 1).

Step 2: then we proceed to prove the lemma. Let’s eliminate the subscript ¢, let

A, = Al if no confusion. Let Sy = 0 and o7 = Var(Y;). Forn > 1,
/ S2dP = / (Sp1 + Y,)?dP = / S2_dP 42 / La  Sp_1YedP + P(A,_1)o?
An—1 An-1 An_1
= /A S2_dP + 2E(Y,,) / 1a, ,Sp_1dP +P(A,)02
_ /A S2 P+ P(A,)o? > /A S2_ P + 602 (16)
n— i

1

Note A,, C A,_1,

/ S2dP = / (Sp1 + Yy,)2dP + / S2dP
An_1 An_1\An An

®The 1st inequality is because if |S| < A, ]S, — S| < 1, then |S,| < 1+ 4; The 2nd inequality is due to
the fact that if P(A) >1 -6, P(B) > 1—4, then 1 —P(AN B) =P(A°U B¢) <P(A°) + P(B°) < 24.
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<(C+CPR(A\ A+ [ Siap (17)
An

Therefore by (16) and (17),

602 < (L+C)PP(Anr \ An) + /

S2dP — / SZ_dP
Ap An—1

p
D dor < (L+CPPQ\ Ay) + / S2AP < (04 C)* + £*,¥p
n=1 Ap

Let p — oo, this proves Y 2, Var(Y;) < oc. O

Proof of Theorem 15.4. We prove in the order, first (a), then (c), finally (b).

(a) Let’s fix A in the definition of Y; = Xj1|x;<a, >_j_; X; converges, therefore Ing(w),
s.t. n > np(w), | Xn(w)| < A, which means X;(w) = Yj(w) if j > ng(w), sow ¢ {X,; #
Yj,i.0.}, therefore P{X; # Yj,i0.} = 0. If 372 P(X; # Vj) = oo, note {X; # Vj}
are independent across j, then by the Borel-Cantelli lemma, P{X; # Y;,i0.} =1, a
contradiction. So Y 7%, P(X; # Y;) < oc.

(b) Step 1: We observe that if Z, 3 Z, and Z/, < Z,, then Z! “3 7' for some r.v.
Z'. This is because Z, “3 Z iff Z, Cauchy a.s., which means Ve > 0, 3ng, m,n > ny,

| Zm — Zy| < € as.
1
P(z1 Unzt MpgzallZp = Zg) < 2} =1 VK
Therefore we can imply,

T Pz {12 — 2 < 13) = lim B(Uisr nspast {17, ~ 24l < 1))
= lim Jim B(Npe{1Z, — 2] < 1)
= T Jim P((uzpo{1Z) — 2 < 1)V
Reverse the process, we will obtain that Z Cauchy a.s., so Z; converges a.s.
Step 2: we prove that > i Y; converges a.s.
By (1), P(X; # Y;i0.) =0, so let A = {w : Ing(w), s.t. n > ngy, X,(w) = Y, (w)},
P(A) = 1. Thus for w € A, >, X;(w) converges iff >, Yj(w) converges. Note
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B ={w e Q: ) X;jw)converges}, P(B) = 1, then ANB C C = {w € Q:
>_; Yj convergest, and (AN B) =1 -P(A°UB°) >1-0-0=1. Thus P(C) = 0.

Step 3: Suppose Y} < Y; and (Y]); are independent across j, so ;Y] converges

a.s. And define W; = Y; — Y], thus EW; = 0, (W}); are independent, |W;| < 2C,
>, Wj converges a.s. By the Lemma 15.1, > 2% Var(W;) < oo, and 37, Var(Y;) =
5 2 o0y Var(W;) < oo,

(b) Let Z; = Y; — E(Y}), note |Yi| < C so E(Y;) is well defined. Note »_, Var(Z;) =
>_; Var(Y;) < oo by (c), >°; Z; converges a.s. due to the one-series theorem, note

>, Yj converges a.s. by proof of (c). It can by implied that >, E(Y;) converges. [

Strong Law of Large Numbers

Results

Lemma 16.1. Suppose (z)r>1 a deterministic sequence, x; € R. And let (ag)r>1 be a

deterministic sequence satisfying a; > 0, ay < a4 and ay T oo. If Y77, z—: converges,

then #tt2n — (),

Proof. Let b, = >"}'_, x/ay, then we have say b, — b, which means 3ng s.t. Vn > ny,

|b, — b] < e. Note
an(bn - bn—l) = Tn, bO =0

Thus
n n n n—1
iAot 1 1
IT = a—n (Z arby, — Z akbk1> = a—n (Z aiby, — ZakJrlbk)
k=1 k=1 k=1 k=1
= a—n <a,nbn — Z(ak+1 — a/k)bk) = bn - Z %bk

k=1 k=1
Note
n—1 n—I1
a —a a a a
> k*; o= = > ’”; by —b) + —b
k=1 n k=1 n n
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18

no—1 n
Ape1 — Q Apy1 — @
< Zu(bk_b) + Z M(bk—b)
k=1 tn k=ng n
< 1 no—l( )(b b) n g ano) X aq |b|
> 5; Ap+1 — Ak )\ Ok 5( ;;: a;
k=1
1 o] €
= <|b| —|anyle/24+ > larer — axllbr — b|) +3
m k=1
<€ n £ .
-2 2
for n > ny, where ny is defined through
N9 = Ny V nq
1 o] €
Iy st ¥ > ny, — | b] = Janle/2 + > las — agl|be — bl| < 5
" k=1
for a,, — o0 as n — oo.

a
+ =]
(07

]

Theorem 16.1 (Strong LLN). Let (X;);>1 be i.i.d. with E(X;) =0 and E|X;| < oo,

then

X1++Xn a.s.
— 0

Proof. Claim 1:

The Law of Large Numbers, Part 2.

The Central Limit Theorem, Part 1.

Introduction.

(18)

We have already shown the simplest version of the CLT by characteristic function

method (Lévy’s Continuity Theorem): suppose X, -+, X, are i.i.d. random variables

with E(X;) = 0 and E(X?) = 02, then

X +--+ X,
NG

—L5 N(0,02).
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then we would like to ask “ can we relax the i.i.d. assumption?” Let’s rephrase.

Suppose S2 = Z;L=1 0]2-, then preassumbly we expect to have

Xi+---+ X,

S ~Ly N(0,1) (19)

Then what is the requirement, or we say a sufficient condition, such that the central

limit theorem (19) holds. The answer is Lindeberg condition stated as follows.

Definition 25 (The Lindeberg condition). Set u; to be the distribution probability

measure of X;, j =1,---,n, the Lindeberg condition is

1 n
= > / 22dp; — 0, Ve > 0. (20)

noj—1 |x|>eSn
The main result is formalized as follows.

Theorem 18.1 (Lindeberg CLT). Let (Xj);>1 be independent and E(X;) = 0, V7,

EX? =07 <oo. Set S; = Y7, 07 — oo. If the Lindeberg condition (20) holds, then

X+ + X,
1+S+ 4 N(0,1)

Proof. Let’s first show some consequences of the Lindeberg condition (20).

2
Claim 1. Then Lindeberg condition implies max;<;<, % — 0 as n — oo.

Note Ve > 0, and V1 < j < n,

0]2- = /:L’2d,uj :/ z*dp; +/ z?dp;
|z|<eSn |z|>eSn

<28+ Z/ z?dp;

j=1 Y z[=e5n

»

%

Thus lim,,, max; <& < &2 Letting ¢ — 0 gives the claim 1.

R

Claim 2. Let X,,; = ?—i, then the Lindeberg condition implies ) 7 P(| X, ;| > ¢) — 0

as n — 00.8

6Note the statement % < N(0,1) is now actually >°; X, ; 4 N(0,1), and 377, P(| X 5| > ) —
0 is a very strong result because P(|X,, ;| > ¢) — 0 means X, ; % 0. The claim 2 goes beyond that, which

means each summand is really very small.
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The proof just applies Chebyshev inequality,

ZP ’an‘ ~ 8 Z/X |>aSn le/|z>esn 8252 Iu]

11 / )
=== 22dp; — 0
g2 52 ; |z|>eSy ’

Then let’s go back to the the proof of CLT. The strategy is again by characteristic

function (the Lévy continuity theorem).
We would like to show for any [t| < T,

_ 42
pxn x,, (1) = onon () = e/

which is equivalent to

t2
log Oy Xy (t) + 5 — 0.
Note
2 2 £
log oy x,, (1) + 3= Z log ¢x,, ;(t) + 3= Z log[1 + (¢x,, ,;(t) = 1)] + 3
j=1 j=1

2

t
<Z|90Xm ) =1+ +COZ|<PXM (t) =1 (21)

where the last inequality is due to |log(1 + z) — z| < ¢o|z[>. To prove (21), we first
show that for any |t| < T,

n

Y lexa, ) =17 =0 (22)

j=1
Note
i!wxn,j(t)—1\2 < max|px, () = 1 Zhoxm ) =1
If we have
Jim E‘gr; max |ox,,(t) — 1 =0 (23)
E&%Z lox,, () — 1| < Cr (24)
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then (22) is proved. Note

sup max |¢x,, ; (t) — 1] = sup max

itn itx
s 1=

<z I e S
, 1tx
< sup max/ eite/Sn 1 — 5 dp;
ltl<r n
te|?
< sup max [ ¢ G dy;
< I n

o2

< ¢oT? maX S—Jz
where the second inequality is due to | — 1 — iz| < cg|z|?, so (23) is shown by the
Claim 1. And similarly,

sup Z lox, ,(t J

t<T ;= 1< 52

< sup / eite/Sn 1 — e dp;
[tI<T i=1 Sn
= 222
< su Co |l—=—| du;
It\SIi)F :1/ o5z | M
< COT2 = CT
Then we show in (21),
S 1ok, (1) — 1+ 5 =0 (25)
j=1
Note
" R ity 222 2] ¢
() =1+ = = efSn 1 = —

Remark 1. (Lyapounov theorem) Let’s assume all the previous setup holds, if 3§ > 0
s.t.

« RN 246
Jim gy 3 [ b =0
n j=1
then the Lindeberg condition holds.
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19 Central Limit Theorem, Part 2.

20 Infinitely divisible law.

e General ideas.

Consider an array of independent random variables (X, ;)i1<;j<x, with k, — oco. The

question we would like to ask is
Sn= Xu;  Su— A, what limit?

for some deterministic sequence of real numbers (A,,),>1.

It turns out the concept of being “uniformly negligible” is very important, which is

llustrated as follows.

Definition 26 (uniformaly negligible). The array (X, ;)i<j<k, is uniformly negligible
if

max P[|X, ;| >¢] -0 Ve>0
1<j<kn

e The Poisson limit.

Let k, =n, and X, 1, -+, X, are i.i.d., and P(X,,; = 1) = p,,P(X,,;, =0) =1 —p,
with p, — 0. Assume that (X, x,—,) is uniformly negligible, which means p, — 0.
Then we would like to know what conditions are required to make sure S,, = 2?21 Xnj

converge in distribution.

Observation: P(S, € Ng) =1 <= P(S, = k) — q(k) for some function ¢(-) and Vk.

P(S,=0)=(1—-p,)"=(1- %)” P (1 — %")” — e = a, > \A€[0,00).

(The above <= should be proved). Then one condition should be a,, — A. Fortu-

nately, this is all we need.

Proposition 20.1. S,, converges in distribution <= np, — A\, A € [0,00). And in

this case, the limit S ~ Poisson(\).
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Proof. Recall if X ~ Poisson(\), then P(X = k) = }\C—Te*)‘,‘v’k € Ny for A > 0. If A =0,
then P(X =0) = 1.

(<=): np, — A. For A > 0,

n e lnn—-1 n—-k+1 _ NPn
(s, = 1) = ()bt =gt = gt () (1~ p) (1 ")
)\k -
— He

For A\=0,P(S,=0)=(1—-p,)"=(1—-"2)" 5 e =1.

(= ): S, converges in distribution = P(S,, = k) = ¢(k) for all k.

So P(S,, = 0) = (1 — p,)™ converges, so np, — A € [0, 00). O
Remark 2. We have an example of limiting distribution sum of 7.i.d. r.v.’s,

n
d -
E X,,; — Poisson

Jj=1
The limit is not a Gaussian but a Poisson. This raises several questions.

(1) For an array (X, ,)n>1 of i.i.d. random variables, what are possible limits of
k7L

Zj:l Xn,j?

(2) Can relax the condition 4.i.d. to just independent?

Infinitely divisible law.

Definition 27 (Infinitely divisible law). X has an infinitely indivisible law if V& > 2,
Elygk),yék), e ,y,(ck) .9.d., s.t. X < ygk) + yék) +-+ y,(ck)

Proposition 20.2. If X,,;,---,X,, are i.id., let S, = Z?:l X, and if S, A S,
then S has infinitely divisible law.

Proof. Note S5, A S, so

SQn = (X2n,1 + -+ XQn,n) + (XZn,n+1 + -+ XQn,Zn)
= Yn(l) + Yn(Z)
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We claim that Y, is tight for the following reason. For a > 0,

P, >a)? =Py, >a) PY,? >a) =PV, >a,Y® >a) <P(S,, > a)

n n — n — rTn

and Sy, should be tight according to Theorem 8.5. So Ja, s.t. limsup,, P(Ss, > a) < 2.
Therefore lim sup,, ]P’(Yn(l) > a.) < e. The same argument applies for lim sup,, IP’(Yn(l) <
—a.) <e. So Ja., s.t. limsup, IP’(|Yn(1)| > al) < 2e. Therefore we know both v,V and

Y, are tight.

Therefore by Theorem 8.3 and Theorem 8.5, 3 subsequence n/, s.t. Yn(,l) L v® and a

subsubsequence n” based on n’ s.t. Yn(?,) B Y@ and of course Yn(,l,) Ly, Clearly,
Y £ y®@ and Yn(,%) + Yn(,%) 48 8 SZLYD LyY® and YV, Y@ can be chosen
to be independent. VA

. and Yn(?,) are independent. For example, let Y® be a random

sample of size 1 from distribution of Y1),

The above argument can be extended from 2 to n. O

Proposition 20.3. X has an infinitely divisible law <= characteristic function

Examples.

Example 20.1. (a) P(X = b) = 1, then X has an infinitely divisible law, X = b/k.
(b) X ~ N(0,0%), then X has an infinitely divisible law. X ~ N(0,0?/k).

(¢) X ~ Poisson(A), then X has an infinitely divisible law. X ~ Poisson(A/k).

(d) Let Xy, X, -+ @.i.d. from X, and an independent N ~ Poisson(A). Define Z =

SV, X, then Z has an infinitely divisible law.

E(e*?) = ZE(eit(X1+-.-+Xn)’N =n)P(N =n) = ZE(eit(X1+-.-+Xn))]P)<N =)
n=0

- i[‘PX(t)]nﬁe_A = i Me_A — e erex(®)

n!

So @(t) = eMlex®=1 and 7z, = SN X; where N’ ~ Poisson(\/k) and N’ is inde-

pendent of all other mentioned random variables.
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21 Accompanying laws

Let (X, )1<j<k., kn — 00, be an array of independent and uniformly negligible random
variables. The question in mind is: what it the sufficient conditions ensuring that 3 a
deterministic sequence of real numbers (A, ),>1, s.t. Z?zl Xnj—An 49 , for some limit S.

Let’s review something and define some notations. Denote the “Poisson sum” by X =
Zf;l X;, where Xi, Xy, -+ are i.i.d. from X, N ~ Poisson(\) and N is independent of X;’s.
Then XM has an infinitely divisible law and @y (t) = exp(Apx(t) — 1]).

e Before we start, let’s mention two remarks.

Remark 1. Uniform negligibility doesn’t require the existence of the first moment.

Remark 2. A frequently used result is as follows.

lim max P(|X, ;| >¢) =0 <= lim sup max —1]=0,¥YT > 0.
n—oo 1§]§kn (| n7j| ) n—oo |t|<F’1)—‘ 1§j§k5n |S0Xn,] | ’

e The main theorem.

Theorem 21.1 (The Accompanying Law). Let (X, ;)1<j<k, be an array of independent
and uniformly negligible (abbreviated as U.N. hereafter) random variables. Define
anj = E (Xn;l{x,, <)) = / T g ftn g
|zn 5]<1

ij = Xn,j — CLnJ‘ (26)

o1
Yoy =X = (Xp; — an )l
Yn,j = Y/n,j + Qn,j

where p, ; is the distribution measure of the random variable X, ;, then

kn kn
El(An)nZh s.t. ZXn’j — An i) S, <— El(An)nZIa s.t. ZYn’j — An i) S.
=1

J=1

And the above A,, in both sides are the same.

The proof needs lemmas.

Lemma 21.1. (Xn,j)lgjgkn is independent and UN. = llmn_>oo maxi<j;<k, |aw-| =
0.
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Proof. For 6 > 0, which should be small for the proof, we have

|an | = | T, Aptn, 5| < / |Zn,j
|Ctn7j|§1 |xn7j\§1,|xn,j|>5

g/ s +6 < E(|Xny| > 6) + 6
|xn,]~\>6

|xn,j‘§5

SO MaX)<j<k, |an ;| < maxi<j<i, E(|X, ;| > J) and taking the limit on n and letting

0 — 0 gives the result. O

Corollary 21.1. (X, ;)1<j<, is independent and U.N. = (X, ;)1<j<k, is indepen-
dent and U.N.

Proof. By the above lemma, Ve > 0, 3ng, s.t. n > ng, max<j<, |an;| < /2. So for

n > ny,
P(|Xnsl > &) = P(|1Xny — angl > &) SP( X 5| > € — lanl)
< P(| X0 > €/2)
Taking both sides lim,,_,o, max;<;<x, gives the result. O

Lemma 21.2. Suppose (X, ;)i<j<k, independent and UN., |a, ;| < 1. Let a,; :=
E)z'ndl‘;(nﬂgl = f|x‘<1 xdpg, . where pig s the distribution measure of X, ;. Then

dep < 00, S.t. |dn,j| < COP(|Xn’j| > %)

Comment: note a,_j — 0 and X, ; i 0, so the lemma is the reason why we introduce

X.

Proof.
E(Xns15, 1<) = B(Xns1z, 1<) = @ngP(1 X ] < 1)
= [E(Xo 515, j<1) = nj + an P X0 g > 1))
~ 1
< |E(Xn,j1|5<n,j\§1) = anj| + P(| X0 | = 5)
in which

(X015, 1<1) — @njl = [E[Xn (1%, <1 — Lx,0<)]]
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= B (g, <0051~ Lix 1<% 0]

~ 1
< E[Xn;(Lz,1<1x,, 50| + P(Xn ;| > 5)
in which

E|Xn7j(1\Xn,j|§1,|xn,j\>1)| = E|(Xn,j + an,j)(1\Xn,j|§1,|xw-\>1)|

5 ~
< P Xnyl > 1) < ]P’(\Xn,j\ > 1= |an,;l)
D & 3 5 1
< -P(X,;| > - . Xn
Combine all the inequalities together, we obtain the wanted result. O

kn
Lemma 21.3. Let B, = > :" an,;
(2) b Xy — Ay 5 S = Y X+ By — A, 5 8.

(b) b Yoy —An B S = Y Y+ B, — A, 5 8.

By this lemma, to prove Theorem 21.1 is equivalent to prove the tilde version of it.

Now we turn back to the proof of the accompanying law.

Proof of the tilde version of Theorem 21.1. We show the statement in the following

steps.
[Step 0] If o5 %, —a,(t) — 5 v,,-a.(t) = 0,Vt,VA,, then the theorem is proved.

. . 5 d
Reasoning: if Zfll Xnj— An = S, then g ¢ _4.(t) — @s(t), thus oy v, 4. (t) =
vs(t), by Lévy continuity theorem, Zj )N/n,j — A, L.

[Step 1] To show Step 0, it’s sufficient to show VI > 0, Jer < o0, s.t.

kn
Y leg, ) =1 <er, VT (27)

j=1
Reasoning: recall Example 20.1, VT > 0, and V|t| < T.
log o5 x,,-4.(t) —log oy v, _4.(t) =log s 5, (1) —itA, —log oy v, (1) +itA,

n kn
=Y (ogpg,  —lex,, —1) <D [log(l+pg  —1)—(px,, — 1)

J=1
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kn kn
I _ —1!- - —
<> lex,, 1P < max log, 0 -1 lex, (0 - 1
j=1 j=1
note X, ; is U.N., so SUpyy <y Maxi<j<k, 9%, () =1 — 0. So the object above is

converging to zero by the condition (27).

[Step 2] To show Step 1, it’s sufficient to show

(a) Jep < 00, s.t. 2521 E(ngjy;(mﬂg) < ¢y, Vn > 1.

(b) V6 >0, Ie5 < 00, s.6. 35 P(| X | > 6) < 5, ¥n > 1.

Reasoning: Given T > 0,

kn N En ~
DB = 1] =) B = 1)(Lg, o+ L, 0]
j=1 j=1

kn

kn i )
< DO EE = Dlg il +2) P( Xyl > 1)

j=1 j=1
in which

kn ~ kn ~ ~ kn ~
DB = Dlg el < D IEE S — it - Dlig gl + Y IEiX g gl

j=1 j=1 j=1
kn kn

< Z ‘E(C‘itXn,j‘zlan,ﬂgl” + TZ ’EXn,j1|Xn7j|§1’

j=1 j=1

kn kn
€SB L)+ TS o
j=1 j=1
kn I
< cocT? + c’TZIP’(|Xn,j] > 5) < ocT? + ey T
j=1

by the above conditions and Lemma 21.2 (where the condition |G, ;| < ; is automat-

ically satisfied if n large due to Lemma 21.1). So we obtain the condition in Step

1.

[Step 3] We show that Y, ; — A, 4 S or X, — Ay, % S implies the conditions (a) and
(b) in Step 2.

* Here we first show Y, ; — A, % § = conditions (a) and (b).
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(Step 1—)7) We show that V1" > 0, Jegp, s.t.

zn:E[(l —cos(tX, ;)] <ecp, VLT (28)

j=1
Note 1 — cos(2z) < 4(1 — cos z), therefore we can extend to arbitrary 7.
(Step 2-Y) Let’s prove.
One question: how do we know the characteristic function is continuous?
s Then we show X,,; — A, % S = conditions (a) and (b).

Remark 1. If X £ X', X and X’ are independent, then ox_x/(t) = |ox(t)]* and

consequently it’s real-valued.
Reasoning: ¢x_x/(t) = Ee®X—X) = oy (HE(eitX) = ox (t)ox (t) = |ox (1)

Remark 2. In this remark, we adopt the same notation in the remark 1. If Z, S ,

then Z, — 7! % S — ',

Reasoning: ¢z, _z (t) = |pz, )] = |es(t)]* = ps_g(t). Then by Lévy continuity

theorem.

Remark 3. Note X, — Ay 4 S, thus (>, Xoj—Ap) — (3. X, — Ay 4s—g

J

Define U, ; = Xw» — X;Lj Therefore

kn,
S U,; 558

j=1
and (U, ;)1<j<k, are independent.

Proof strategy: we show the (a) and (b) conditions in step 2 hold for U, ; and then
show that they hold for X,

Note it’s sufficient to show:

(a) ey < 00, s.t. Zf

21 E(Xr%,jlﬁcn,j\g) < ¢o, Vn > ny.
(b) ¥6 >0, Jes < 00, 5.5, 3o P(| X 5] > 6) < c5, ¥ > no.

[Step X-1] Note 2;21 Un,j 48— 9 so
ex, U, ;(t) = s—s(t), uniformly compact (29)

46



note pg_gs(t) = 0, s0o Jtg > 0, s.t. s g (t) > 1/2 for all |[t| < to. (note ps_g(t) is

real-valued, so the inequality is well defined)

Accordingly, the above and the uniform convergence (29) imply that Iny > 1, s.t.

vn = no, o3, 0,,(t) = 1 for all [t] < t,. So

= Ifz, e 71 >

o |
o |

By employing y < e¥~' for y < 1 and the fact that ¢p, ,(t) < 1. So taking log gives

kn
D1 —u,,(t) <logd
j=1

And ¢y, () is real-valued, thus Jcg

kn
> E(1 - cos(tUny)) < co, Y > ng,V|t] < to

j=1
since ng is a finite number, the conclusion can be extended to n > 1. Moreover, by
applying the inequality 1 — cos2z < 4(1 — cosz), to can be extended to any positive
real number 7T'. Finally, we have V1" > 0, ey, s.t.
kn
> E(1—cos(tUn;)) <er, V=1LVt <T (30)
j=1
so conditions (a) and (b) for U, ;. We then show conditions (a) and (b) hold for X,, ;.
[Step X-2] Suppose
(b-U) V6 > 0, Jes < 00, st S5 P(|Un ] > 6) < 5, Vn > 1.
then we need to show
(b-X) V6 > 0, Jes < 00, s.t. S5 P(IX, | > 6) < ¢s, Vn > 1.
Proof: let Z?;lP(]Un’j\ > g) < ¢5,VYn > 1. Note

k

J=1
kn _ 3 5

> P(1X,1 201X, <5
7=1
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k k
n 5 n - - 5 n ~ ~ ~
s> Y P(|Uny| > 3) = Y P(| X, — X5 > 3) 2 > P (|X7,z,j| >0, | Xnj — X, > 5
=1 =1



k
< ~ ~ )
=D P( Xyl 2 6)P(1 Xl < 3)

Jj=1

(31)
Note anj is uniformly negligible which means

1<j<kn

- J
max P<|Xn7j] > 5) — 0, asn— oo

So dng, s.t. n > ng, maxi<j<i, P (’Xn]| > g) < %, which implies P <|)~(n’j] < g) >
%,‘v’l < j < k,,Vn > ny. Going back to (31)

so we conclude
Z]P)(\X'nﬂ > 0) < 2¢s,Yn >0y
j=1
since ny is finite, the result is easy to be extended to n > 1 by redefining c5. QED.
And suppose
(a-U) Jeg < 00, s.t. Y5 B(UZ 1, ,1<1) < co, Vn > 1.
and we need to show
(a-X) Jep < 00, s.t. 2521 E(X%jl‘f(nﬂgl) < ¢, Vn > 1.

Proof: 1t can be shown from (30) that Vm > 0, 3¢, < o0, s.t. Z?Zl E(U? 1, ,1<m) <

Cm, YN > 1.

kn
> E(1 - cos(tU,)) < op,¥n > 1,V|t| < T
j=1
kn
— ZE <1 - cos(tUn,j)lﬁUw.E%) <ep,VYn>1LV[H <T

Jj=1

note da > 0, s.t. 1 — cosz > az? for |z] < 7, then

kn
at” ZE <U2,j1\tUn,j|S§> < cr
j=1
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letting t =T = / gives

Here we select m = 2, so we have

kn kn
C2 > ZE(Us,jl\Un,jIQ) = ZE ((Xw‘ - X;L,j)21|f<n,j—)2;hj|§2>
j=1 j=1
kn kn
> ZE ((Xn,j - Xfm‘)z1|Xn,j|517|Xn,j—X;hj|g2> > ZE ((Xn,j - Xylz,j)21|)2n,j|511|X;L,j|51>
j=1 =1

kn

= ZE <1|X;7j|g1E[(Xn,j - X7/’L,j)21|)~(n,j|§1|X ) ZE (1|X;L]|<1 |11/T1<flE(X ?/)len,j|<1)
j=1
kn

= ZE (1|X’ 1<t mf E(XnallX i< 2yj("vjllffn,j<1))

7j=1

—ZP|XM|<1 ( (%20 0) + i1 —20E(Kuglig, |<1>)

= Z < 1|X |<1) 2|E(X”J1\an|51)|> , for n > ny same argument as above,
kn kn 1 o i . ) )
= 2 5P ) = D lansl 2 5 2 B (X, ) = 2 (Xl 2 )
Jj=1 j=1 j=1 =
1 k 2 /! <7
QZ X"J | X |<1) "o by (b-X).

Therefore Jeo, s.t. Z?Zl E(Xg’jl‘xn,jlgl) < ¢y, Yn > ngp, and it’s easy to extend the

result to Vn > 1 by redefining cj, noting ng is a finite number.

Finally, we complete the very long proof of the accompanying law. O]

22 Lévy-Khintchine Theorem.

e The intuition.

Definition 28 (Lévy measures). A measure A defined on B(R) is a Lévy measure if

(a) V0 >0, Jes < 00, s.b. [ o5 AMdT) < c5.

|z|>0
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(b) f\w|§1 r?\(dz) < oo.

Comment: \(x) can approach co as © — 0 but not as fast as x%, and A is integrable on

the tails of its support.

Proposition 22.1. The above (a) and (b) requirements are equivalent to one single

requirement as follows.

22
/R 1 +$2)\(dx) < 00

Proof. Left as exercise. O

Definition 29 (A useful class of function #(x)). We introduction a class of function

that will be frequently used.
(a) € is a bounded and continuous function.
(b) 0(z) ~ x.

(c) |0(x) — z| < c|z|?® for |x| < 1.

Examples:
x x| <1
0(x) =
sign(z) |z|>1
x
O(r) —
(z) 1+ a2

The theorem.

Theorem 22.1 (Lévy-Khintchine theorem). Let A be a Lévy measure, define a function

2
o(t) = exp {/[em — 1 —itf(z)|\(dx) + ibt — %tz} = Papo2(t)
(a) @(t) is the characteristic function of a infinitely divisible random variable X.
(b) If X has a infinitely divisible law, then 3(X,b,07) s.t. px(t) = prpoz(t).

(c) If @Al,bl,af(t) = @Ag,bz,og(t)aw, and A ({0}) = X2({0}) = 0, then (A1,b1,07) =
(A2, ba, 03).
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Proof. (a) 3 steps.

Step 1. We claim that ps(t) = exp {f| [ef® — 1 —itf(x)|\(dz) + ibt} for some

z|>6
0 > 0 is the characteristic function of an infinitely divisible random variable.
Proof. Define a measure on {r € R : |z| > J} via differential form As;(dx) =

%. Note that A ((—9,0)¢) is bounded, then A\s;(dx) is a probability measure

on (—6,0)¢. So

ps(t) = exp {a /|o: |25[em — 1\s(dz) + ibt — it /

|z|=6

H(x))\(da:)}
— exp {a/kdza[em 1 (de) + (b — co)t}

where a = A\((—9,0)°) and ¢y = fm%&(x))\(dx), o is a constant given ¢§ for A is
Lévy measure (integrable on (—d,6)¢) and 6 is bounded and continuous.

Let’s define X to be a random variable with distribution measure \s, thus

ox(t) = E(e™) = / e \s(dx)

|z| >0

and let
Y = X 4 (b—¢)
then we find the characteristic function of Y is (see Example 20.1 (d) )

py (t) = exp {alpx(t) = 1)} - exp (it (b — o))

— exp {QLZJ(GW — Dg(de) + it (b — CO)}

the same as ¢;(t), and Y indeed is a infinitely divisible random variable. (Sum

of independent .D.L.’s is [.D.L.)
Step 2. Generalize Step 1. The function ¢(t) = exp { [[¢"* — 1 — itf(z)]\(dz) + ibt }
is the characteristic function of an infinitely divisible random variable.

Proof: Note it is enough to show that ¢s(t) — ¢(t) as § — 0 uniformly over
[t| < T. Note ¢5(0) = ¢(0) = 1 and ©(t) is continuous at ¢ = 0. Then by Lévy

continuity theorem, o(t) is the characteristic function of some random variable.
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Let ¢ denote a universal positive constant that may change from time to time and
even within a line, we use its “with-subscript” version ¢, to denote the dependence

of ¢ on ¢. First we note

sup |p(t)| < Cr
=

for some constance Cp depending on T'. This is because

' / e — 1 — itf(x)]\(da)

< ’ /| [ =1 i)

N ‘ /| e it

< ct? 451 22\(dz) + (2 + c|t|)/ A(dx) < ¢

lz|>1

so [p(t)| < ¢; and supp < |¢(t)] < Cp. Thus V[t| < T,

ot o |20 ] < [0
oatt) = (0] = o0 |28 - 1) < & |20 1
and

g:f((tt)) - 1‘ = |exp {_/||<5[6m —-1- it&(a:)])\(dx)} - 1‘
note

/ [ — 1 — it (2)|\dz) < ctQ/ 2*\(dx) =0, as § — 0.
|z|<d

|z|<d
hence |ps(t) — p(t)] — 0 as 6 — 0. Thus () is the characteristic function of

some random variable X. Then let’s show X is an [.LD.L., let

A(dz) .gt}

+1
n n

eult) = exp{ [let 1~ io(o)]
clearly, % is again a Lévy measure, % is a constant, by previous argument, ¢, (t)

is the characteristic function of some random variable and [¢,()]" = ¢(t), so X

is indeed an I.D.L.

Step 3. Given the X in Step 2, X is an infinitely divisible random variable with

characteristic function . Define
V=X+7
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2 2
where Z ~ N(0,0?) and Z is independent of X. Since () = e~ z%, one can

show

2
by (t) = exp { / (e — 1 — itf(x)]\(dz) + ibt — %tz}
and V' has the infinitely divisible law.

Left to the next lecture.

Step 1. Let’s show o1 = o0y first.
Take log on both sides of y, 4, 52(t) = ©x,.4,,02(%), Vt, and divide both sides by 2,

1 itx . ~b1 J% _ 1 itx . ~bQ O'%
5 [l i) + it - D= /[e 1 i) o) 2~ %2

letting ¢ — oo is enough to kill z%’ term and note with § < 1 (this condition is
automatically satisfied as we require 6 — 0),

1
t?
:l |:/a:|gé[eitx — 1= Zt@(ﬂf)])\l(dl’) + / [eitx 11— Zte(x)])\l(dx)

2
t 2| >6

gtl? [ / e + /| >6(2+c\tl))\1(da¢)}
. /| ) +(2t¢ /| )

let t — oo will kill the second term and let § — 0 will kill the first term. So this

[e"® — 1 —ith(2)] M\ (dw)

implies 07 = 5. (Usually we take o > 0. )

Step 2. Let’s show A1 = \s.

Let’s define
At) = /[em — 1 —itf(z)|A(dx) + ibt
therefore
Alt+5) + 4t — ) —A(t) = / e — ™| \(dz)
2 2

Since we have shown o1 = a9, then ¢, 4, 52(t) = @y, 4, 02(t), Vt gives

i(t+s)x i(t—s)x ) i(t+s)z i(t—s)x )
/ |:€ —;-6 B eztm:| )\l(dx) _ / |:€ ;—6 i eztm:| )\Q(dl')
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:>/ { 7 _1} Al(dx):/em {—6 +26 —1} Ao(d)

— /em(cos(sx) — DA (dx) = /em(cos(sx) — 1)Ag(dx)

Let’s define
[T —cos(sz)] A\ (dx)
Pi(dz) = JI1 = cos(sz)] A (dx)
_[1 —cos(sz)] A (dx)
Py(dz) = J11 = cos(sz)]A2(dx)

Then by Theorem 11.2

so we have
[1 — cos(sz)| A\ (dz) = [1 — cos(sz)|A2(dz), Vz

so we have A\; = Aq.

Then b; = by easily follows from o1 = 09 and A\ = As.

23 The One-dimensional Central Limit Problem, I

Suppose we have an array of i.i.d. 1.v.’s (X,, ;) where 1 < j < k,, with k,, = 0o as n — 0.

What are the sufficient condition(s) s.t.

kn
S Xy~ A5 S (32)
j=1

for some sequence A,, and some limit S7?

Recall (26) in the section on accompany law,

24 The One-dimensional Central Limit Problem, 11

We should prove the following theorem.
Theorem 24.1.
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25 Conditional Expectation.

e Definitions.

Consider a probability space (€2, F,P), given A € F with P(A) > 0.

Definition 30 (Conditional probability). For any B € F, define the conditional prob-

ability given A as

P(BNA)

P(BI4) = —5 4

Moreover, if we let P4(-) = P(:|A), then P4 is a well-defined probability measure on
the measurable space (€2, F). (Show it).

Definition 31 (Conditional expectation given a set). Let f : Q — R and f € L'(P)

which means [ |f|dP < oo, then the conditional expectation is defined as

fladP [, fdP
P(A)  P(A)

B(f14) =Ea(f) = [ fda = /

Remark 1. For B € F, let f = 1p, then as usual,

_ fA 1pdP _ fAmB dP _ P(Aﬂ B)

E(Leld) =S5 = "pa) ~ " P@)

— P(A|B)

Remark 2. The conditional expectation given a measurable set is a non-random con-

stant.

o Let (A;);>1 be a “measurable” partition of {2 which means A; € F, U;>14; = Q for all
J, AinNA; = @ for any i # j, and P(A;) > 0 for every j. Then we can show for B € F

P(B) =) P(B|4))P(4;)

j>1

E(f) =) E(fI4)P(4;)

Jj=>1
Let’s define a o-algebra G generated by the measurable partition, that is, G = o(4; :
j>1). Clearly, G C F.

Lemma 25.1. B€e § < dM CNst. B= UjEMAj-
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Proof. O]

Then we have

Lemma 25.2. For a function h : 2 — R, then h is G-measurable iff h is constant on

A;.

J

Proof.

= Z xX - 1{h71($)}(w)

r€By

[]

Definition 32 (Conditional expectation given a “special” c-algebra). Let f be F-
measurable and f € L'(IP). Define the conditional expectation given G as a random

variable E[f|G] : @ = R

E[fG](w) = Y E[f|A)] - 14, (w)

ji>1

Remark. The conditional expectation given a o-algebra is a random variable.
Proposition 25.1. We have

(i) E(f|G) is G-measurable.

(i) VB € G, [RE(f|G)dP = [, fdP

(iii) Let h: Q — R be G-measurable and bounded, so fh is integrable. We have

/fhdIP’ / (f|G)hdP

Proof. (i)

(i) We show E(f|G) € L'(P).
> E(f145) - 1a

JE@ar= [15°

/Z|E FIA;) - 14, | dP

j>1
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= Z/ |E(f|A;) - 14,/ dP (Tonelli’s theorem)

_ fdP
SPILEUENENEDY fgﬂ( a7 |P)
sg;/A 1aP = [ 1f1dP < o

Moreover, hE(f|G) is also integrable.

(iii) we proceed to prove the equation, which is decomposed into two steps. First, we

claim if h = 15 for B € G, the statement holds.

/1B]E(f|g)dIP>:/1BZ]E(f|Aj)1AdeP(2/ 3" E(f|A;)14,dP

Jjz1 JjEMp

=y /lA].E(ﬂAj)dIP’ (by DCT)

_ an’ JdP _ _
- BlA] P(Aj) =) /Aj fd]P’—/ledP

JEMB JEMB

where step (x) is from Lemma 25.1, and the last step is again Tonelli’s theorem. Finally,
if h is bounded and G-measurable, then by Lemma 25.2
h=> hj-1a
Jj>1

for constants h; and A; € G. So by the first claim, we have

/hE(f|g)dIP>: /Zhj 14, E(f|G)dP £ Z/hj 14, E(f|G)dP

g2l j=21
:Zhj/lAjfdP:/Zhj-lAjfdP
j>1 Jj=1

:/hfdP

where step (%) is by DCT.
Remark. A road map here will be helpful.

Definition 33 (Conditional expectation given “any” sub o-algebra). Consider a prob-
ability space (2, F,P), let f be F-measurable and f € L!(P), let H be a o-algebra with
H C F, then the conditional expectation E( f|H) is a random variable E(f|H) : @ — R
s.t.
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(i) E(f|H) is H-measurable.
(ii) VB € H, [LE(f|H)dP = [, fdP.
Theorem 25.1 (Existence and uniqueness of the conditional expectation). In the

description of Definition 33, E(f|H) uniquely’ exists.

Proof. (Existence.) Define a measure Q on (2, H) by

Q(4) = /A fdp

then Q is indeed a measure. Note P is also a measure on (£2,#H), and Q < P. So by

Randon-Nikodym theorem, there exists a H-measurable function h s.t.8

QA) = /A hdP

Clearly, h satisfies the definition of E(f|H). First, h € H; second, [, hdP = [, fdP
for all A € H.

(Uniqueness.) Suppose hq, hy both satisfy the definition of the conditional expectation,

then one can obtain that both h; and hy are H-measurable and

/hldP:/hngP’, VAeH
A A

so hy = hy a.s. O

Remark. In the existence proof, can we say that f = h? No, because f is F-measurable,

while A is H-measurable, they can be different. O]

Proposition 25.2. E(f|H) satisfies the following properties

(i) E(f|H) € L'(P).

(ii) If additionally f is H-measurable, then E(f|H) = f a.s. (Tautology)

"The uniqueness is in the “up to a null set” sense.

8The function h is usually written as % in this context.
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Remark 1. A decomposition.

= —E(f[H)) +E(fIH)

then E(f|H) is H-measurable and (f —E(f|H)) L H, where a random variable X 1 #

is defined as

Remark 2. Two notations.

x For A € F, then P(A|H) = E(14|H).

* 0(X) is the smallest g-algebra s.t. X is measurable, i.e.
o0(X)=0(X"'(B): B < B(R))
and we write E(f|o(X)) as E(f|X). Similarly,

E(f[ Xy, -+ Xn) = E(f] Visy 0(X3))

26 Properties of Conditional Expectation

Notations

N={1,2,3,---}, Ny=1{0,1,2,3,---}.
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