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1 Basics

We introduce the estimation methods of two stage least squares (2SLS), limited-information
maximum likelihood (LIML), full-information maximum likelihood (FIML), and the k-class
estimator. Those methods are explained in the simultaneous equation models. This section
is mainly from Chow (1983) and the original ones are due to Theil’s book and papers. In
the following, we adopt the conventional notations where Py = A(A’A)'A", My =1 — Py
for a generic matrix A.

We consider a s with the structural form (SF), and there are p + 1 endogenous variables

and r 4+ 1 exogenous variables. Its specification is as follows.
By, +Tiwya+- -+ Ty p + oz + oz + -+ Tppze =6, t=1,---,n (1)

where there are GG structural equations in the t-th observation, meaning that y;, ¢; are G-
dimensional vectors of exogenous variables, E(e;) = 0, E(eie}) = X, and E(ege}_,) = 0 for

integer k # 0. Then the reduced form (RF) of (1) is
e =1hye1 + -+ Wpye—p + oz + Hprazey + - + Uprzer + 01 (2)

Let @ = (yi_y, - 7y1/t—p’ 24 %1, s Z,) and = [y, - 7Fp+7“] and IT = [IT, - -- 7Hp+7“]’
I'is a G x K matrix where K = G(p+r+ 1), so (1) and (2) can be rewritten as

Byt + Fl’t = &t (3)
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Y = —Bflf‘xt + Bilft = HiL't + v (4)
let Y = [y1, - ,yn), X' = [21, -+ ,x,], and E’, V' are similarly defined, so the SF and RF

BY' +TX =FE (5)

Y =X+ B 'E =1IX' + V' (6)

note that the i-th row of [B,I'] denotes the coefficients of the i-th structural equation.

Transpose (5) gives

YB +XI"=F (7)
Let 3; and #; denote the i-th column of B and T', then the i-the equation is

YBi+ X5 =& (8)

where ¢; is the error term in the i-th equation for all observations, to be distinguished with
g, which represents the error term in the ¢-th observation for all equations. ¢; is n x 1 and
g 18 G x 1.

Consider a limited-information method of estimation of (8), we assume a prior restriction
to ensure identification, many elements of 3; and #; are zero, so corresponding columns of Y

and X can be omitted from (8). If one further assumes g;; = —1, then
—yi +Yibi+ Xivi = & (9)
Let W; = [Y;, X;] and 6; = (B},7;)’, then
yi = Wid; +¢; (10)

Here we have the endogenous problem which means W, and ¢; are correlated for Y; being
correlated with e;. Fortunately, X, are actually instrument variables for Y;, so the 2SLS

estimator is formed through

Y, = Xi(X[X)) XY = PyYi, Wi =Y, X] = PxW; (11)
SasLs = (/W{/WZ)_l/WZ/yi (12)



1.1 Limited-Information Maximum Likelihood (LIML)

We consider the 1st structural equation in (9), i.e., i = 1,

-+ Y18+ Xiy ==&

1.2 The k-Class Estimator

In this part we omit the label “1” for simplicity. So the model is
y=Yp+Xy+e

The k-class estimator suggested by Theil (1958) includes 2SLS and LIML as special cases.
The estimator obtain estimates for 5 and v by solving the following equation,
Y'Y —kV'V Y'X| |B(k) Y — kV’

= Y (13)
X'y X'X| |A3(k) X’

=)

where V = M xY and here X are actually the instrument for Y. In more complicated struc-
tural equation system, V should be considered as the (valid) first stage regression residual
satisfying the exogenous condition.

Remark: If £ = 0, then B (k) is actually the OLS estimator whereas it’s clearly inconsistent
due to the endogeneity (the choice of k to ensure consistency is illustrated in Theorem 1); if

k =1, then the k-class estimator goes back to 2SLS; if k£ = pu, then it goes back to LIML.

Theorem 1. If k& —— 1, then the k-class estimators are consistent for 0 and have the same

limiting distribution.
Proof of Theorem 1. By (13) we have

Y'Y —kV'V)B+Y'X7 =Yy — KV'y

X'YB+ X' X5 =Xy



2 Weak Instrument and Its Asymptotics

Some notations. Py = W(W'W)"1W’ and My, = [ — Py and W+ = MxW for a generic

matrix W. One will immediately obtain that Py, My, are symmetric and idemponent. And

W' Py = WWWW)'W =W
PyW =WWW)'"WW =W

The Py is a projection matrix that project to W.

2.1 Rothenberg’s Decomposition

Let y, Y be T x 1 and Z be T X k (k instruments), and (y,Y,T) are observed

Y =ZI14+V, V,YN©O,ov), ulV

Consider 2SLS. For the first step, Y = Z(Z2'Z) "1 2'Y = P,Y,

~ o~ Y'P
2SLS I\ —1171 I Dt —1y pt zY
=YY)Yy=Y'P,P;Y) Y'Py=
S = (7)Y = (VPP )Y Py =
Define the concentration parameter to be
'z’ z11
W= (14)
ovv
Then
LS _ Y'P,(YB+u) B+ Y'Pyu
Y'PyY Y'PyY
So
(B\QSLS 8) = (ZU+ V) Pzu (ZU+ V) Pzu I'Z' Pyu+ V' Pyu
a “Mznyvyr,y T znyvyry T wzp,y wvipy
B WZ'u+V'Pyu I'Z'u+ V' Pyu
My v,y T M zZn V) s VIR, (ZTT+ V)
B II'Z'u+ V' Pyu ERGOAANES II'Z'u 4 V' Pyu
MU WV A VLS VBV G2 WZZI 202V 4 VP,V
I'Z'u V'Pyu
B Uqlu/f (wzzmt 2] T (I 2’ Z11) /25,2
7' VP,V
g xl//\i 1+ I%II;IZ’ZZ‘I{I + Wz
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' 7w V'Pzu

o’ Wz reE | e ioll
= 1 A2V VP,V
oy 1 p(I Z' Z1)1 /21 /2 t oy
1/2 Cu + Svu
= Tuu_ “ s _ (UUU )1/2( <u+SVu/N
o2 1+ 247" + SX—QV ovy 1+ 2(Cv/u) + (Syv/u?)
where ¢, = —LZ%__ ~ N(0,1), ¢y = % ~ N(0,1), Syu = V' Pgu/(oyyou)'?,

(112! ZT0) /20 7/ 7)1/ 20/

Syv = V'P;V/oyy and concentration parameter p is defined as

, 771

ovv

0

Note. 1 Cov((y,Cy) = p.

2.2 Pre-Test for Weak Instrument

In this section we review the very popular Stock-Yogo test for weak instrument which refers

to Stock and Yogo (2005). Let’s consider

y=YpB+Xy+u (15)
Y = ZI+ X + v (16)

Y is T' x n matrix of n endogenous variables and T denotes the number of observations,
and X contains K; exogenous variables, Z is the IV matrix which contains K instrument
variables (Ks > n). Let X = (Y, X) denote the regressors in the first stage, Y = [y, Y] to
compress all the endogenous variables and Z = [Z, X] to include all the exogenous variables.
Note M+ have a special meaning that is the residual of regressing on the exogenous regressors
X.

Let X, denote the t-th observation of X which is stored in a column vector form, i.e.,

Xi = (Xu, Xio, -+, Xux,)' and Z;, V; are similarly defined, and Z, = (7}, X})’. And define

Uy Ouu ZuV
E[ (ur, V)] = =X (17)
Vi Y Xyv
E(Z,Z;) = Qzz Qox =Q (18)
Qxz Qxx



The k-class estimator /3 (k) is obtained by solving

Y'Y —kV'V Y'X| | B(k) Y — kV
= y (19)
X'y X'X| [3(k) X'

where V = (Iy — Z(2'2)7*Z')Y = MY . Morcover, we can write the k-class estimator in a

more compact form
(B'(k), 7' (k) = [X'(I = kM) X] ' X' - kMy)y] (20)
Proof of (20). Firstly it can be proved that
My = M, My (21)

so X'MzY = (MzX)Y = (M7 MxX)'Y =0 for MxX = 0. Similarly, Y'MzX = 0 and

X'MzX =0. O
Then one is able to derive the estimator for Sm
Blk) = Y (I = kMz )Y Y (1 = kMga)y'] (22)

Proof of (22). Recall that
-1

A B (A— BD-1C)™? —(A— BD™'C)"'BD!

C D —D-'C(A— BD~'C)"' D'+ D-'C(A— BD~'C)"'BD"!

for generic matrices A, B, C, D. Thus by the above formula,

-1

Y'Y —kV'V Y'X (YYYE— kY)Y (Y Yy — kY)Y X (XOX) !
XY X'X
Thus by (19), we have
Bk) = (VXY = kV'V) (Yt — V)

If one shows that V = MzY = M, Y+ = My MxY, then the proof is done. And indeed
by (21), Mz = My My, so we derive (22). O



If we consider the Wald test for Hy : = [y, then the Wald test statistic is

[B(k) — Bo) [Y ' (I — kM )Y H][B(k) — Bo]
N0 (k)

W(k) = (23)
where G, (k) = @ (k)T (k) /(T — Ky — n) and @-(k) = y* — YLB(k).
Proof of (23). Let’s first calculate the variance of 3(k)

Bk) = Bo=[YY (I = kMy )Y Y (I = kMy ) Mx(YBo + X+ u)] — Bo

= [V (I = kM )Y Y (I = kMg ) Mx (X + )]
let S =Y+ (I —kMy.)Mx, note SY is symmetric, thus

Var(B(k) — Bo) = E[(SY) ™ (Su)(u'S")(SY) ]

= oY (I = My )Y 7YY (I — kM )My (I — kM, )Y Y (I — kM) Y] !

3 Anderson Rubin test

4 Wald, LR, LM tests in GMM Methods
Recall

y=YpB+ Xv+e
Y=/II+XI'+V

5 Inference for structural parameters in weak IV

5.1 LM test, K-tatistic, Kleibergen (2002)

Consider the limited information simultaneous equation model

y=YpB+Xy+e
Y=ZII+XT+V
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where y is T'x 1 and Y is T' x m where y and Y are endogenous variable, and Z is T' X k of

exogenous variables. € is T' x 1 of structural errors and V' is T' x m of reduced form errors.
Assumption 5.1. We made the following convergence assumptions.
(i) (1/T)(eV)(eV) —= % where

Oge Ocv

¥ —
Ove 2vv

(i) 1/T(ZX)"(ZX) 5 @, with Q a positive definite k x & matrix.

_ Qzz Qzx
Qxz Qxx
(iii)
1 da [ Yze Yzv
—(ZX)(eV) =
ﬁ st wXV
and
Yze Yzv
vec
st

For the testing problem

Hy: B =0 Ha:ﬂ%ﬁﬂ

The Anderson-Rubin (AR) statistic is

2y =Y Bo)TPx(y — Y bo)
ﬁ(y —YBy)TMx(y — Y B)

AR(By) = (24)

and we have




One deficiency of the AR test is the degree of freedom of the limiting distribution is equal to

the number of instruments &, which may lead to the low power of the test. And Kleibergen
(2002) proposed the following

K(Bo) = (y — Yﬂo)Tpf/(go)(y -Y5)

77 (y = Y Bo)TMx (y — Y o) (26)
where
Y (o) = XTI(By)
() = (XT)X7 |V = (= Vo) 225
See(Bo) = ey = Y o) Mx(y — ¥ )
Sav (o) = gy = Y ) MY
5.2

Conditional likelihood ratio (CLR) test, Moreira (2003).

Let Py = A(A’A)71A" and My = I — Py, both are idempotent.

Structural first stage and reduced form second stage are

=Y B+ X1 m +u,  E(u)=0, Cov(Yz,u)#0 (27)

—~ N

nx1 nxl Ix1 nxr rxl

Yo = Xo 1T + X, T +V5, kE>1, |X1, X5 full rank (r + £ 28
zl 1k><l 1.Xl, > > 1, X1, X5 (r+k) (28)
nx nx nxr T

Let Z = Mx, X, the “real instrument”, and I' = T + (X]X;) 1 X| X,II | so
Yy = (Mx, + Px,) Xoll + X1 (T — (X7 X1) ' X XoI) + Vs
=ZII+ X I'+V,
y1 = ZIB+ XiI'B+ Vo + Xiyn +u

= ZNB + X1(TB +m) + (Vaff + u)
= ZHﬂ —|—X16—|— V1

To summarize, the reduced form equations are

Yy = ZHB‘I—Xl(S‘i‘Ul

Yo =ZII+ X' +V;
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Let’s denote V' = [vy, V5], so V is n x (I 4+ 1) and each row of V' are normally i.i.d. with

mean 0, and covariance matrix € REDXEHD | We write

Y = [yla}/Q] = 711 [6711] +X1 [57 F] + [vla‘/Q]

For convenience we define II, = ITA’, so

Y =ZIL+Xo+V

Note Z'Y D, where D € RUHDX+D) g full-rank, is also an invariant sufficient statistic. We

choose D = Dy,
Do = [bo, X' Ag], bo=[1,-By), Ao=[Bo, L)
and define

S - Z/Ybo
T=2'YQO A,

Let i-the row of V be denoted by V;.. Due to V;. are i.i.d. N(0,), the joint density of V;. is

1 n
— (2 —n/2 0 —n/2 - .IQ_I A
f(V) = (2m) ™21 exp< 2;%. V>

Note > 1", V/Q 'V, = tr(VQ V"), so the log-likelihood is

1
Lah¢n9):—gkguu—§¢m94qu

n

:—Emgm—%mg%Y—mL—X@wY—mL—X@ﬂ
Letting 0L/0® = 0 gives estimate ®, i.e.,
tr[Q Y — ZII, — X,0)'X,] =0 = & = (X|X,) ' X|(Y — ZIL,)
Plugging ® to the log-likelihood will concentrate out ®, note

V=Y -ZI, - X;® = My, (Y — ZIL,) = My, V
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where the last step is due to Mx, X; = 0. So the concentrated log-likelihood can be written

as
1
L(Y:B.IL0) = ~ 2 log 0] — L tr(@7V/ M, V) (30)
1
—Dlogll - L@y - ZyMe (Y - ZL) G

where A = [, )] and II, = ITA’. We want to concentrate out II. Maximizing the above is

equivalent to

1
in —tr(Q (Y — ZIL,) Mx, (Y — ZIL,))

m
IL,:IL.b=0 2

The Lagrangian is, with the multiplier A,
1

L= tr(Q Y — ZIL) Mx, (Y — ZI1,)) + tr(Ab'TL)
The FOC for 11, is, (note & (f(z)Af(z)) =22 f(z) Af(z))
—Z'Mx, (Y — ZIL)Q™ L + AV =
Note Mx,Z = Z, we have
Z'ZI, = Z'Y — Ab'Q
I, = (Z'2)7'\Z2'Yy — (Z'Z)"' AV

And ILb = 0 gives

AL
T YD

So we have
I, = (Z'2)7\2'Y —(Z'Z)"* Z'Yb(b') V' Q)
Then we need to plug II, back into (31). Note if we set X = [X;, Xo]
Z = My, Xy => My, = My + Ny
and MxZ = (Mx, — Nz)Z =7Z —Z =0, so
QYY — ZIL) Mx, (Y — ZIL,) = Q1Y — ZIL) (Mx + Ny)(Y — ZI1,)
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= QWY MxY + QY — ZIL) N, (Y — ZIL,)
and note Z'Y — Z’ZfLk = AV, we have
(Y — ZILY Nz (Y — ZIL,) = (Y — ZIL) Z(Z'2)"* Z'(Y — Z11,)

B WYY Z(Z'Z) "L Z'Y b Q2
= QWN(Z'Z) ' AVQ =
(22) (b))

QWYY N, Y DY
T ()

So (31) is further concentrated as

L.(Y;53,Q) = —g log || — %tr(QlY’MXY + Q7YY — ZIL)N,(Y — Z11,))

n 1 bb'Y'N,Y bb'2
= ——log|Q — = [tr(Q 'Y MyY) +t
3 loe 4 2{“ x¥)+ ( (V)2 >]
n 1 VY'N,Yb
=——1 Ql — = [tr(Q 'Y MY _— 2
- log|©] 2[r< XY) 4+ } (32)

Maximizing L.(Y; 3,) is equivalent to

VY'NZYb  (QY2)Q 2V N, Y Q120 2)
BT (Q172b) (Q1/20)

- AInin

where A\pin is the minimum eigenvalue of Q- 12y' N,y QY 2 which gives us the maximum

of L.,

Le(Y:5.9) = —5 log |0 - % [tr(Q7Y ' MxY) + A

And (32) implies the likelihood ratio

bY'N,Yby -
LRy = —=— — M
0 b, by
Let
S=(Z2'2)"Y2S(bQby) Y2, S =2V, SeRF!
T=(Z'2)""PT(AQ T A) V2, T=2YQ Ay, TecR™
then

S(Z'Z)S WY Z(Z'Z) " Z'Y b
by boS b

5'S =

12



SO

LRy =5'S — Auin

By the way, Ay, is also the smallest eigenvalue of

To see this, note

(5, 1) = (Z2'2) 272"y QY2 [ by (b Qo) "2, QY2 Ag (A1 Ag) 7Y

[

-~

J

The matrix J € RED*EHD) §g special, it’s an orthogonal matrix. Let’s check

JJ= =1
Or1 I

for [Q21/2bo (b)) [ 2 A (A Ag) Y] = [BhAo(AGQAg) ]/ (b)Y /2 = 01, due
to by Ao = 01x;. Then we have
(S, T)(S,T)=[(Z'Z)\2Z'YyQ Y21/ [(Z' Z2)" V2 Z'Yy Q~1/2]]
= JQO VY Z2(Z' Z) 2y Qg
= J(Q VY N,y QY g
So (S,T)(S,T) and QY/2Y'N,YQ~'/2 share the same set of eigenvalues.

e Simplifications

1 e B is scalar, i.e., [ = 1. en (S,7)(S,T) is 2 x 2 matrix. quadratic
(i) The f i lar, i [ 1. Then (S,T)(S,T) is 2 x 2 By d

equation algebra. The solution has a closed form.

(i) When [ = 1 and in the just-identified case, so that | = k = 1, the LRT becomes
AR test

13



5.3 AMS, Andrews, Moreira, and Stock (2006)

Suppose
i = Y2 B+ Xmtu (33)
<~ =~
nx1 nx1
= 7 X 4
Yo T+ X &1+ e (34)
nx1 nxk nxp

where observed variables are (yi,y2, X, Z), unobserved errors are (u,vg); unknown parame-

ters are (3,71, m &1). The equation (34) implies

yys = (I — Px)Z7m + PxZrm + X& + vy
= Zr+ X |(X'X)'X'Zrn + & | + vy
=Zn+ X+ vy
y1=(Zr+X{+v)B+ X1 +u
= Zmf+ X (BE+m) + Pra +u

=Zrf+ Xv+un
In matrix form

Y =Zrd +Xn+V

5.4 Weak GMM, Kleibergen (2005).

Parameter of interest 0 = (0, ,60,,)’ € R™ and f : R™ — R*. We have moment condition
E(f(6o,Y:)) =0, t=1,---,T, kf>m

To estimate ¢, we use Hansen’s GMM.

Q(0) = fr(0,Y)Vy(0) fr(0.Y)

5.5 HAC-IV, Moreira and Moreira (2019).
Some Kronecker product algebra, let’s say A € R"*", B € R"*™
(A®B>/:AI®B/ (A®B)—1:A—1®B—1
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(A® B)(C ® D) = AC @ BD
ARB@C=A® (BxC)
tr(A® B) = tr(A) tr(B)
[A® B| = |A["|B"

eigen-property

The model is simpler than Moreira (2003). One endogenous variable (I = 1), no other control
variables (r = 0) which can be justified by “projection arguments” in Andrews, Moreira, and

Stock (2006).

y1 = Yo fHu
=~

nx1 nx1

= 7
Y2 T +Ug

nx1 nxk kxl1

Note

= (27 +v2)B+u=Zrf+ (0:f +u)
—_——

v1

then the reduced-form model is

Y = [y1,y2] = Z7 [B,1] + [v1, va]
~—— T

a/

Let

P =2(Z'2)"Y? P e RV

[P, ] € O,, O, is the group of n x n orthogonal matrices

Consider tests based on R = P]Y, specifically,
R=(Z2'2)"YV?Z' Zrnd +(Z'Z2)"Y22'V = pd + (Z'2)"Y?Z'V, R e RF?
o= (Z/Z)1/27T, e kal

where (Z'Z)~'/2Z'V is assumed to be normally distributed with zero mean and a known

variance Y. To proceed, let

R = vec(R) = vec(ud' + (Z'2) Y2 Z'V)

15



E(R) = vec(ud') = (a @ I)vec(u) = (a @ Iy)u

Var(R) = ¥ € R**?* by assumption
due to vec(ABC) = (C" @ A)vec(B). Let
bO = (L _50)/

Cpo = [(bh ® I1)S(bo @ I,)] /2

Mg, = [(ap ® I1) S (ap ® )] 71/

Then we consider a 1-1 transformation of R by pre-multiplying R with a full rank matrix

W as follows,

S _ A - Ca, (by & 1, _
T B Mg, (a)y @ I;) 5!

A AT A ASB
S(A'B') = (35)
B BT A’ BB

AS A = Cpy(by @ I1)S(bg @ I,)Cp, = I, BIB =1

for (S,T") has the variance

and we calculate

AZB' = Ci, (b ® 1) XX (a0 ® 1) Mg, = Cis, (bgao ® 1) M, = 0
So S and T are independent. And

E(S) = 0/30 (b6 ® Ik)(a ® Ik):u = (5 - 50)Cﬂ0:u7 for 66(1 = (17 _Bﬂ)(ﬁa 1)/ - B - BO
E(T) = Mg, (ay ® ) S (a @ L) = [(af ® L) E ™ (ao @ L)) 2 (ay @ )2 a ® I,) p = Dgpe

[ J/

-~

Dg

so the joint density of (S',7")" is

fﬁ,u(s,t) = (27T)_k/2 exp (_ ||S — (B _2/80)0,80MH2) (27T)_k/2 exp (_w)

= f3u(s) % f3,,(0)
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(a) The Anderson-Rubin test.
AR = 5'S ~ x*(k)

(b) Likelihood ratio test.

Note R ~ N ((a ® I)p, X), so

Concentrating out p implies

0 _
gl = (@ IS (R~ (0@ Tn) =

So
) =[(a @ [)E  (a® Iy)] " (a' @ [)I'R
Substituting back to L,, gives

Ly(B) = —5(R—(a® L)) ¥ (R — (a @ Iy 1)

= SRR [(0® WA R~ Sl LS (0 L)

1_ _ _ 1 _
— _ER’Z‘lR + i (d @ )2 'R — ~ji(d ® [,)X'R

1, - 1 _
= —§R’Z‘1R + 5[/(a’ R L)Y 'R

\)

_ _% Ry'R+ %R’Z_l(a @ 1) @ IS (e ® I)] "M @ [)S 'R

= —%R’E‘IR - %(2—1/23)'N2_1/2(a®1k)E—I/QR
and note 7' = [(a, @ I;)X " (ao @ ;)] /?(ah @ [;) 'R

T'T = RY Yao® I)[(ah @ 1) S Hao @ 1) Hah @ [,)S 'R
= RS’ Ny 120001, 7°R
so the likelihood ratio test is
LR = 2[mgx Ly (8) — L, (6o)]
= mgx(z—lﬂé)’NE,l/Q(a@Ik)2—1/2}? ~T'T
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(c) LM test.
We need to calculate g5 L5 (5). Let X =X7?(a@ I}) € R?*, P = (X'X)™' € RPH,
we have dP = —P(dX'- X 4+ X'dX)P due to the following reason,
d(X'X)P)=dl =0 = d(X'X) P+ (X'X)dP =0
dP = —(X'X)"d(X'X) - P
= —P(dX'- X + X'dX)P

Note

dNx = d(XPX') =dX - PX' — X[P(dX'- X + X'dX)P]X' + XPdX'
0X (e Iy)

X — — — 2—1/2 _[ RQka
_85 Bk (e1®Iy) €
a]\[X y / ! Iy / !
S5 = XPX' = X[P(X'X + X'X)P)X' + XPX

— XPX - XPX'XPX' — XPX'XPX' + XPX'
= (I, — XPX)XPX' 4+ XPX'(Iy, — XPX')
=A+ A

where A € R%*2k Therefore
OLS (B) 1o, 19 =
n — _R'S 1/2 A+ AND 1/2R
1_ _ 1= _
— §R’E‘1/2AE‘1/2R + §R’2—1/2A'2—1/2R, “scalar”
— Ry AR

= RYa® I)[(d @ [)S  (a® L)) (e} @ L) S My-12 000y /2R

and clearly,

OLS _ _
3(550) = RS (a0 ® I)[(ah ® T)Z ™ (a0 @ 1))~ (¢h © L) My-vja gy /R

= R’Eil(ao & Ik)[(af) & Ik)Efl(ao & Ik)]fl(ell & Ik)271/2M271/2(a0®1k)271/2((61, ap — Boer) ® Ik)R
for (e1,ap — Boe1) = I implies (e1, ap — foer) ® Iy = Iop.. Define

@’\Xﬁj =271 @ 1), 57 (ag @ I,)] = S ?[e1, ao] @ I,
2kxk 2kxk
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so the derivative of the log-likelihood under the null is

OLS _ _
PELR) R0y © Wl(ah 1S a0 © B XM X Xa — X0 R
= R'Y ap @ I)[(ay @ L)Y (ap @ I,)] ' X My, [X1, — o X1 ] R
= RY Yag® I)[(ah @ )X ao @ L)) X My, X1 [ I, —Boli] R
= RS ap @ Ii)[(af ® [)Y (ap @ 1)) ' X Mx, X1 (b @ I) R
and note

(X1, Xo) X1, X)) ™ = [([er, a0) © L) S er, a0] @ L]

= ([er, a0) ' @ L)X ([er, ao] ™t @ I)

1 — 1 0
- Polen) s ® I
0 1 By 1
b1
=" 3 (bo @ Ii, e0 @ Iy)
ey @ I

On the other hand, by the 2 x 2 block matrix inverse

-1

XX, X|X,
XLX1 X)X,

(X1, Xo) [ X0, X))~ =

[X{X1 — XX (X5 Xo) T X5 X, 7 (X{ My, X,) ™

So we have
C32 = (by @ T)S (b @ I) = (X|Mx, X1) ™ = O3 = X{ M, X,

SO

aLc =/ _ / — — / D,
-ﬁ%@=32%%®@m%®mz%%®@ﬂ%&@@@m
= R'S™ (a0 @ Ii)[(ap @ Ix)X (ag ® I,)] 7' C, S

= R’ (ag ® It) D52 Cy, S

=T1'D,'Cy,S
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So conditional on T,

0L, (bo)
op

and the LM test should be constructed as

= (Cy, D' T)'S ~ N(0,T'Dy ' C3 D' T)

LM = SI (Cﬁo DE(}T) [(Oﬁo DgolT)l (Cﬁo DgolT)] - (Oﬁo DgolT)IS

o
=5 NC%DE;TS
MDM1 test.

In terms of R.

Consider

ha(s.t) = / Fouls, YA (B, 1)

and the conditional log-likelihood ratio is

hA(S, t)

Note (S, T") = WR, so

fou(st) = i, () - W

for |[WXW| = I implying |[W~!| = £/2. So we can just consider fé_%,u(F) and |[W™!| as

constant will be absorbed into critical value,
Set a prior for (5, u),

) ﬁ ~ N(/Bo,dg).
o 1~ N(0,0%®), u € RE.

(a® L)~ N(0,0%(a® I)®(d ® 1))
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Due to the independence of R’s mean and its error variance,
R|B~N(0,X+0*(a® I;)®(d @ Ii))
so the density of R | 3 is given by
27) 7|8 + 0 (a ® I)®(d ® I)| " /? exp {—%r'[Z +0*a® I;)®(d ® [k)]_lr}

so integrating the above over 8’s distribution gives

hy(r; 0?) = (2m)7F1/2 / =+ 0% (a® I)P(d ® [k)|_1/2

% exp {_r’[E +02(a® Ig)@(a’ ® 1)) (8 2_0?))2 } i

There is some subtleties on the denominator f°f7 and critical value and the idea of

conditional inference, conditional on the sufficient statistic.

In terms of (S,7).

Note

T My (ay® 1,)5"

R

Var(WR) = W(2 + 0*(a ® I;,)®(d' @ I,) )W’
=WEW' + *[W(a® I,)|®[W(a® I,)]

/

o [ Coolby ® Ii)(a @ I) Cgo (b ® Ii)(a ® I)

= IQk +o0 0]

Mﬁo(a{)@Ik)E_l(a@[k) Mﬁo(a6®fk)2_1(a®[k)

— By)C — Bo)C
— Ly + 0_2 (5 ﬁO) Bo P (ﬁ 50) Bo
Dg Dg
A (B - 50>2050(DO;3’0 (6 - BO)Oﬂoq)D/ﬁ

— 12k

(B — Bo) Ds0CY, DydD),
) \11/370—

(e) MM2 test.
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Define lg = (cg,dg)’, where

cg = (8 — Bo) (bp$bo)~/*
dg = d'Q ag(apQ " ag) /2
and adopt reparameterization
d
tanf = =, 0 € [—m, 7]
s

The above reparametrization implies an implicit function 5 = 5(0). We set

e 0 ~ Unif[—m,7].

o 1|0 ~N(O,|llge*¢P)
Like MM,
R| 6~ N0, + (|llsl*(a® I)®(d @ IL))

with density conditional on 6,

, - 7 (X4 (s | > (a @ L) ®(a’ @ 1)) '7
2042+ Gl |20 © 10 @ )] xp { L EH Mol IS BT

where a = ag@) = (5(0),1), implying

L ™ _ -1/2
ho(r;¢) = (2m) 7" 1/ 12+ Clliso) | (ape) @ 1) P(ajp @ k)|

{ (2 + Cllls@) | (as@) @ Ik) P(aje @ fk))_lf}
expi — do

2

5.6 Conditional linear combination (CLC) test

The general question.

e A sequence of model index by sample size T', the data follows distribution Frr(6,~).

e Parameter of interest # € © C RP, nuisance vy € I' C R/, and + is consistently estimable.
e Testing problem Hy : 6 = 6,.

e Assume we observe three objects:
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— A k-dimensional vector g7(6p): “moments”.
— A k x p matrix Agr(6p): some transformation of the Jacobian of gr w.r.t. 6.

— An estimate 4 for 7.

e Assume V (0,7) € © x I', we have

55y along Fr(6,7)

and
gr(@) \ 4 [ 9
Agr(th) Ag
where
m I X
) ~nN , d (36)
vec(Ag) vec(p) Yoy oo

in which g € M, m = m(0,6y,7) € M(u,v) C R¥, that is, the set of possible value of
m is determined by p and ~.! Further assume Xy, and Xy are continuous function of

7, and are thus consistently estimable, and 3y, € R*?*F,

e The null # = 6, implies m = 0. So testing problem becomes

Hy:m=0,peM  against  Hy:mée M(u)\{0},peM

Examples.

(i) Weak IV.

Linear instrumental variable with a single endogenous regressor, k , in reduced form:

Y =Znp+ W,

X =Zn+ Vs,

ITo gain some intuition, the m will be different under the null and alternative, therefore its range depends
on some “description” of the identification strength, i, and of course depends on the nuisance, . In weak

jump setting, p denotes the size of the jump, and + can be the pre/post-announcement volatilities.
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for Z isT x k, all of Y, X, V; and V5, are T' x 1. The identifying assumption is
E[VisZ] = E[Va, 2] = 0
So moment condition is

ft(ﬂ) = (Yt - XtB)Zt

where Z, is the transpose of row t of Z, and we have the identifying assumption

Eglf:(8)] = 0

For fixed m # 0, it’s straightforward to construct consistent, asymptotically normal

GMM estimates. In weakly-identified case, we let m = mp = \/LT for c € RF.

Define

1 T
=f;ft<ﬁ>

therefore

T

Fr(Bo) = 7 S_[Zim(8 — o) + Vi — Vil

t=1
T

T
fT ﬁo ZXtZt Z(Zt,ﬂ- + V2,t)Zt
=1

t=1

and let Q be the asymptotic variance of vT'(f(6o), —%fT(ﬁo)’)’,

Q Q
If B _ jlim Var \/T {;T(BO)
Qs Qg o —55/7(Bo)

Q:

Note Qyp, Qs, 05 are all k x k and we assume Qg is full-rank.? Let Q consistently

estimates (2, define

9r(8) = VTQ, } fr(B)
Agr(8) = —ﬁﬂgﬁ%mm

20One example: if instruments are linearly dependent, then Q¢ is not full-rank.
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4 = vec(Q)

for 0 = 5,0 =R, v = vec(Q), I' is the set of values s.t. Q(v) is symmetric and positive
definite. For all (0,v) € © x I', under mild conditions, we have the weak convergence

and the limit problem?

m VDY

Agr(5o) Ag I 2og oo

where

_1 o1
m = Q7 Qzc(B — Bo), Qz = ?Eﬁ ?Z/Z

p=7Qzc e M=R"

_1 _1 _1 _1

Exercise: verify the weak convergence and the limit problem (37).

Note m = (8 — Bo)p, which means m € M(u) = {bu : b € R} for any given p. And
m = 0 when § = f,.

(ii) Minimum distance.
Parameter of interest, structural parameters 6§ € RP.
Reduced form parameters, 7 € R¥, with O, /2(5 — n) % N(0, I).

The model implies

so we form the estimate
0= arg min(f) - F0))2, (7 = £(6))

e Under strong identification asymptotics, n —n = Op(\/%f).

3here the Ag itself is a k x 1 vector, so no need to use vec(-).
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o If Qn N (2, which is non-degenerate, then 7 is not consistent for n. The 7 is like the
first-stage regression coefficient in weak IV setting. In this case, the nonlinearity
of f() will remain important even in large samples, whose weak identification

corresponds to Andrews and Mikusheva (2016).

Let

gr(0) = Q1230 — £ (6))

0 A1 0
A = —— =0,?—
gT(e) 89/9T(0) n o0’ (9)

v =vec({ly), 7= VeC(Qn)

['={y=vec(Q): Qis symmetric p.d.}
Note

gr(00) = 2,12 (7 = f(6)) + Q2,2 (f(6) — f(60))
So let m = 1im Q5 2(£(8) — f(60)) = 25 2 (F(0) — £(6)), we have

0 I
gr(60) KA g ~N o 0 (38)

vec(Agr(6y)) vec(Ag) vec(p) 0 0

where m € M = {Q,"?(f(0) — f(6y)) : 6 € O} and p = Q;%%f(go) is a constant

which explains why (38) is of that variance structure. And p clearly affects M for it
(the first order asymptotics, slope) clearly determines the shape of f(-).

We then focus on the limit problem (36)
Hy:m=0,peM  against  Hy:mée M(u)\{0},peM (39)
with (g, Ag, ) being observed.

Pivotal Statistics under Weak Identification

e S=gg~xi(m'm).
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e Define D as the k x p matrix s.t.
vec(D) = vec(Ag) — Xpgg
and note

Var[vec(D)] = 299 - 299299 - EggEgg -+ 299299 = 299 — 299299 = ZD

Covlg,vec(D)]| =Xy — X0 =0

SO

g m I 0
~ N ,
vec(D) vec(up) 0 Xp

where vec(pp) = vec(p) — Lggm, let pp € Mp, and we write
m € Mp(pp) ={m:m e M(p) for vec(u) = vec(up) + Xogm}

here M p plays a role similar to M, defining the set of values m consistent with a given

mean pup for D.
K =g¢'D(D'D)™'D'g = gPpg (40)
and

J=S§—K=g(I-D(D'D)"D)g=g¢(I - Po)g (41)

We focus on class of tests written as function of S, K and D.

e Conditional on D = d for d full column-rank, note D € R**P this implicitly impose
k > p, actually meaningful with strictly £ > p, which implies the over-identified models:

more moments than number of parameters to be estimated.
e Important insights:

e Go back to the minimum distance example (continued).

Ag is nonrandom, so Yg, = 0, D = Ag = . = up. Assume 2, = I to simplify the

exposition, then
(TJ7 TK)
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e Go back to the weak instrument example (continued).

In this example, Ag is random and can be correlated with g, D = Ag — Yy,9 € RF*!
_1
and pp = p — Xggm where m = (8 — fo) and p = Q7 Qzc, so

Up = [ — Eagﬂ(ﬂ —fo) = (I — ZOg(ﬂ — o))
if 11 is proportional to a eigenvector of 3y, corresponding to a nonzero eigenvalue A,
A= gt
then
o = p— (B — Bo)

If 3— By =A"!, then up = 0. Note K = ¢'Ppg = (gl,‘%)?, under the null K ~ x?%(0), ,

the well-known non-monotonicity of the power function for tests based on K.

5.7 Summary

Tests: AR, LM, CLR, CLC, MM1, MM2, CIL. Conditions: LU, SU.

6 Test for weak instrument
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