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1 Basics

We introduce the estimation methods of two stage least squares (2SLS), limited-information

maximum likelihood (LIML), full-information maximum likelihood (FIML), and the k-class

estimator. Those methods are explained in the simultaneous equation models. This section

is mainly from Chow (1983) and the original ones are due to Theil’s book and papers. In

the following, we adopt the conventional notations where PA = A(A′A)−1A′, MA = I − PA

for a generic matrix A.

We consider a s with the structural form (SF), and there are p+ 1 endogenous variables

and r + 1 exogenous variables. Its specification is as follows.

Byt + Γ1yt−1 + · · ·+ Γpyt−p + Γ0zt + Γp+1zt−1 + · · ·+ Γp+rzt−r = εt, t = 1, · · · , n (1)

where there are G structural equations in the t-th observation, meaning that yt, εt are G-

dimensional vectors of exogenous variables, E(εt) = 0, E(εtε′t) = Σ, and E(εtε′t−k) = 0 for

integer k ̸= 0. Then the reduced form (RF) of (1) is

yt = Π1yt−1 + · · ·+Πpyt−p +Π0zt +Πp+1zt−1 + · · ·+Πp+rzt−r + vt (2)

Let xt = (y′t−1, · · · , y′t−p, z
′
t, z

′
t−1, · · · , z′t−r)

′ and Γ = [Γ1, · · · ,Γp+r] and Π = [Π1, · · · ,Πp+r],

Γ is a G×K matrix where K = G(p+ r + 1), so (1) and (2) can be rewritten as

Byt + Γxt = εt (3)
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yt = −B−1Γxt +B−1εt = Πxt + vt (4)

let Y ′ = [y1, · · · , yn], X ′ = [x1, · · · , xn], and E ′, V ′ are similarly defined, so the SF and RF

BY ′ + ΓX ′ = E ′ (5)

Y ′ = ΠX ′ +B−1E ′ = ΠX ′ + V ′ (6)

note that the i-th row of [B,Γ] denotes the coefficients of the i-th structural equation.

Transpose (5) gives

Y B′ +XΓ′ = E (7)

Let β̄i and γ̄i denote the i-th column of B and Γ, then the i-the equation is

Y β̄i +Xγ̄i = εi (8)

where εi is the error term in the i-th equation for all observations, to be distinguished with

εt which represents the error term in the t-th observation for all equations. εi is n × 1 and

εt is G× 1.

Consider a limited-information method of estimation of (8), we assume a prior restriction

to ensure identification, many elements of β̄i and γ̄i are zero, so corresponding columns of Y

and X can be omitted from (8). If one further assumes βii = −1, then

−yi + Yiβi +Xiγi = εi (9)

Let Wi = [Yi, Xi] and δi = (β′
i, γ

′
i)

′, then

yi = Wiδi + εi (10)

Here we have the endogenous problem which means Wi and εi are correlated for Yi being

correlated with εi. Fortunately, Xi are actually instrument variables for Yi, so the 2SLS

estimator is formed through

Ŷi = Xi(X
′
iXi)

−1X ′
iYi = PXi

Yi, Ŵi = [Ŷi, Xi] = PXi
Wi (11)

δ̂2SLS = (Ŵ ′
iŴi)

−1Ŵ ′
iyi (12)
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1.1 Limited-Information Maximum Likelihood (LIML)

We consider the 1st structural equation in (9), i.e., i = 1,

−y1 + Y1β1 +X1γ1 == ε1

1.2 The k-Class Estimator

In this part we omit the label “1” for simplicity. So the model is

y = Y β +Xγ + ε

The k-class estimator suggested by Theil (1958) includes 2SLS and LIML as special cases.

The estimator obtain estimates for β and γ by solving the following equation,Y ′Y − kV̂ ′V̂ Y ′X

X ′Y X ′X

β̂(k)
γ̂(k)

 =

Y ′ − kV̂ ′

X ′

 y (13)

where V̂ =MXY and here X are actually the instrument for Y . In more complicated struc-

tural equation system, V̂ should be considered as the (valid) first stage regression residual

satisfying the exogenous condition.

Remark: If k = 0, then β̂(k) is actually the OLS estimator whereas it’s clearly inconsistent

due to the endogeneity (the choice of k to ensure consistency is illustrated in Theorem 1); if

k = 1, then the k-class estimator goes back to 2SLS; if k = µ, then it goes back to LIML.

Theorem 1. If k
P−→ 1, then the k-class estimators are consistent for δ and have the same

limiting distribution.

Proof of Theorem 1. By (13) we have

(Y ′Y − kV̂ ′V̂ )β̂ + Y ′Xγ̂ = Y ′y −KV̂ ′y

X ′Y β̂ +X ′Xγ̂ = X ′y
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2 Weak Instrument and Its Asymptotics

Some notations. PW = W (W ′W )−1W ′ and MW = I − PW and W⊥ = MXW for a generic

matrix W . One will immediately obtain that PW , MW are symmetric and idemponent. And

W ′PW = W ′W (W ′W )−1W ′ = W ′

PWW = W (W ′W )−1W ′W = W

The PW is a projection matrix that project to W .

2.1 Rothenberg’s Decomposition

Let y, Y be T × 1 and Z be T × k (k instruments), and (y, Y, T ) are observed

y = Y β + u, ui
iid∼ N (0, σuu)

Y = ZΠ+ V, Vi
iid∼ N (0, σV V ), u ⊥ V

Consider 2SLS. For the first step, Ŷ = Z(Z ′Z)−1Z ′Y = PZY ,

β̂2SLS = (Ŷ ′Ŷ )−1Ŷ ′y = (Y ′P ′
ZPZY )−1Y ′P ′

Zy =
Y ′PZy

Y ′PZY

Define the concentration parameter to be

µ2 =
Π′Z ′ZΠ

σV V

(14)

Then

β̂2SLS =
Y ′PZ(Y β + u)

Y ′PZY
= β +

Y ′PZu

Y ′PZY

So

µ(β̂2SLS − β) = µ · (ZΠ+ V )′PZu

(ZΠ+ V )′PZY
= µ · (ZΠ+ V )′PZu

(ZΠ+ V )′PZY
= µ · Π′Z ′PZu+ V ′PZu

Π′Z ′PZY + V ′PZY

= µ · Π′Z ′u+ V ′PZu

Π′Z ′Y + V ′PZY
= µ · Π′Z ′u+ V ′PZu

Π′Z ′(ZΠ+ V ) + V ′PZ(ZΠ+ V )

= µ · Π′Z ′u+ V ′PZu

Π′Z ′ZΠ+Π′Z ′V + V ′ZΠ+ V ′PZV
=

(Π′Z ′ZΠ)1/2

σ
1/2
V V

Π′Z ′u+ V ′PZu

Π′Z ′ZΠ+ 2Π′Z ′V + V ′PZV

=
σ
1/2
uu

σ
1/2
V V

·
Π′Z′u

(Π′Z′ZΠ)1/2σ
1/2
uu

+ V ′PZu

(Π′Z′ZΠ)1/2σ
1/2
uu

1 + 2Π′Z′V
Π′Z′ZΠ

+ V ′PZV
Π′Z′ZΠ
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=
σ
1/2
uu

σ
1/2
V V

·
Π′Z′u

(Π′Z′ZΠ)1/2σ
1/2
uu

+ V ′PZu

µσ
1/2
V V σ

1/2
uu

1 + 2Π′Z′V

µ(Π′Z′ZΠ)1/2σ
1/2
V V

+ V ′PZV
µ2σV V

=
σ
1/2
uu

σ
1/2
V V

·
ζu +

SV u

µ

1 + 2ζV
µ

+ SV V

µ2

= (
σuu
σV V

)1/2(
ζu + SV u/µ

1 + 2(ζV /u) + (SV V /u2)
)

where ζu = Π′Z′u

(Π′Z′ZΠ)1/2σ
1/2
uu

∼ N (0, 1), ζV = Π′Z′V

(Π′Z′ZΠ)1/2σ
1/2
V V

∼ N (0, 1), SV u = V ′PZu/(σV V σuu)
1/2,

SV V = V ′PZV/σV V and concentration parameter µ is defined as

µ2 =
Π′Z ′ZΠ

σV V

Note. 1 Cov(ζu, ζV ) = ρ.

2.2 Pre-Test for Weak Instrument

In this section we review the very popular Stock-Yogo test for weak instrument which refers

to Stock and Yogo (2005). Let’s consider

y = Y β +Xγ + u (15)

Y = ZΠ+XΦ + v (16)

Y is T × n matrix of n endogenous variables and T denotes the number of observations,

and X contains K1 exogenous variables, Z is the IV matrix which contains K2 instrument

variables (K2 ≥ n). Let X = (Y,X) denote the regressors in the first stage, Y = [y, Y ] to

compress all the endogenous variables and Z = [Z,X] to include all the exogenous variables.

NoteM⊥ have a special meaning that is the residual of regressing on the exogenous regressors

X.

Let Xt denote the t-th observation of X which is stored in a column vector form, i.e.,

Xt = (Xt1, Xt2, · · · , XtK1)
′ and Zt, Vt are similarly defined, and Zt = (Z ′

t, X
′
t)

′. And define

E[

ut
Vt

 (ut, V
′
t )] =

σuu ΣuV

ΣuV ΣV V

 = Σ (17)

E(ZtZ
′
t) =

QZZ QZX

QXZ QXX

 = Q (18)
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The k-class estimator β̂(k) is obtained by solvingY ′Y − kV̂ ′V̂ Y ′X

X ′Y X ′X

β̂(k)
γ̂(k)

 =

Y ′ − kV̂ ′

X ′

 y (19)

where V̂ = (IT −Z(Z ′Z)−1Z ′)Y =MZY . Moreover, we can write the k-class estimator in a

more compact form

(β̂′(k), γ̂′(k))′ = [X ′(I − kMZ)X]−1[X ′(I − kMZ)y] (20)

Proof of (20). Firstly it can be proved that

MZ =MZ⊥MX (21)

so X ′MZY = (MZX)′Y = (MZ⊥MXX)′Y = 0 for MXX = 0. Similarly, Y ′MZX = 0 and

X ′MZX = 0.

Then one is able to derive the estimator for βm

β̂(k) = [Y ⊥′
(I − kMZ⊥)Y ⊥]−1[Y ⊥′

(I − kMZ⊥)y⊥] (22)

Proof of (22). Recall thatA B

C D

−1

=

 (A−BD−1C)−1 −(A−BD−1C)−1BD−1

−D−1C(A−BD−1C)−1 D−1 +D−1C(A−BD−1C)−1BD−1


for generic matrices A,B,C,D. Thus by the above formula,Y ′Y − kV̂ ′V̂ Y ′X

X ′Y X ′X

−1

=

(Y ⊥′
Y ⊥ − kV̂ ′V̂ )−1 −(Y ⊥′

Y ⊥ − kV̂ ′V̂ )−1Y ′X(X ′X)−1

·· ··


Thus by (19), we have

β̂(k) = (Y ⊥′
Y ⊥ − kV̂ ′V̂ )−1(Y ⊥′

y⊥ − kV̂ ′y)

If one shows that V̂ = MZY = MZ⊥Y ⊥ = MZ⊥MXY , then the proof is done. And indeed

by (21), MZ =MZ⊥MX , so we derive (22).
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If we consider the Wald test for H0 : β = β0, then the Wald test statistic is

W (k) =
[β̂(k)− β0]

′[Y ⊥′
(I − kMZ⊥)Y ⊥][β̂(k)− β0]

nσ̂uu(k)
(23)

where σ̂uu(k) = û⊥(k)′û⊥(k)/(T −K1 − n) and û⊥(k) = y⊥ − Y ⊥β̂(k).

Proof of (23). Let’s first calculate the variance of β̂(k)

β̂(k)− β0 = [Y ⊥′
(I − kMZ⊥)Y ⊥]−1[Y ⊥′

(I − kMZ⊥)MX(Y β0 +Xγ + u)]− β0

= [Y ⊥′
(I − kMZ⊥)Y ⊥]−1[Y ⊥′

(I − kMZ⊥)MX(Xγ + u)]

let S = Y ⊥′
(I − kMZ⊥)MX , note SY is symmetric, thus

Var(β̂(k)− β0) = E[(SY )−1(Su)(u′S ′)(SY )−1]

= σuu[Y
⊥′
(I − kMZ⊥)Y ⊥]−1Y ⊥′

(I − kMZ⊥)MX(I − kMZ⊥)Y ⊥[Y ⊥′
(I − kMZ⊥)Y ⊥]−1

3 Anderson Rubin test

4 Wald, LR, LM tests in GMM Methods

Recall

y = Y β +Xγ + ε

Y = ZΠ+XΓ + V

5 Inference for structural parameters in weak IV

5.1 LM test, K-tatistic, Kleibergen (2002)

Consider the limited information simultaneous equation model

y = Y β +Xγ + ε

Y = ZΠ+XΓ + V
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where y is T × 1 and Y is T ×m where y and Y are endogenous variable, and Z is T × kZ of

exogenous variables. ε is T × 1 of structural errors and V is T ×m of reduced form errors.

Assumption 5.1. We made the following convergence assumptions.

(i) (1/T )(εV )′(εV )
P−→ Σ where

Σ =

σεε σεV

σV ε ΣV V


(ii) 1/T (ZX)⊺(ZX)

P→ Q, with Q a positive definite k × k matrix.

Q =

QZZ QZX

QXZ QXX


(iii)

1√
T
(ZX)⊺(εV )

d→

ψZε ψZV

ψXε ψXV


and

vec

ψZε ψZV

ψXε


For the testing problem

H0 : β = β0 Ha : β ̸= β0

The Anderson-Rubin (AR) statistic is

AR(β0) =
1
k
(y − Y β0)

⊺PX(y − Y β0)
1

T−k
(y − Y β0)⊺MX(y − Y β0)

(24)

and we have

AR(β0)
d,H0−→ χ2(k)

k
(25)
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One deficiency of the AR test is the degree of freedom of the limiting distribution is equal to

the number of instruments k, which may lead to the low power of the test. And Kleibergen

(2002) proposed the following

K(β0) =
(y − Y β0)

⊺PỸ (β0)
(y − Y β0)

1
T−k

(y − Y β0)⊺MX(y − Y β0)
(26)

where

Ỹ (β0) = XΠ̃(β0)

Π̃(β0) = (X⊺X)−1X⊺

[
Y − (y − Y β0)

SεV (β0)

Sεε(β0)

]
Sεε(β0) =

1

T − k
(y − Y β0)

⊺MX(y − Y β0)

SεV (β0) =
1

T − k
(y − Y β0)

⊺MXY

5.2 Conditional likelihood ratio (CLR) test, Moreira (2003).

Let PA = A(A′A)−1A′ and MA = I − PA, both are idempotent.

Structural first stage and reduced form second stage are

y1︸︷︷︸
n×1

= Y2︸︷︷︸
n×l

β︸︷︷︸
l×1

+ X1︸︷︷︸
n×r

γ1︸︷︷︸
r×1

+u, E(u) = 0, Cov(Y2, u) ̸= 0 (27)

Y2︸︷︷︸
n×l

= X2︸︷︷︸
n×k

Π︸︷︷︸
k×l

+ X1︸︷︷︸
n×r

Γ︸︷︷︸
r×l

+V2, k ≥ l, [X1, X2] full rank (r + k) (28)

Let Z =MX1X2, the “real instrument”, and Γ = Γ + (X ′
1X1)

−1X ′
1X2Π , so

Y2 = (MX1 + PX1)X2Π+X1(Γ− (X ′
1X1)

−1X ′
1X2Π) + V2

= ZΠ+X1Γ + V2

y1 = ZΠβ +X1Γβ + V2β +X1γ1 + u

= ZΠβ +X1(Γβ + γ1) + (V2β + u)

= ZΠβ +X1δ + v1

To summarize, the reduced form equations arey1 = ZΠβ +X1δ + v1

Y2 = ZΠ+X1Γ + V2

(29)
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Let’s denote V = [v1, V2], so V is n× (l + 1) and each row of V are normally i.i.d. with

mean 0, and covariance matrix Ω ∈ R(l+1)×(l+1). We write

Y = [y1, Y2] = ZΠ [β, Il]︸ ︷︷ ︸
A′

+X1 [δ,Γ]︸︷︷︸
Φ

+ [v1, V2]︸ ︷︷ ︸
V

For convenience we define Π∗ = ΠA′, so

Y = ZΠ∗ +X1Φ + V

Note Z ′Y D, where D ∈ R(l+1)×(l+1) is full-rank, is also an invariant sufficient statistic. We

choose D = D0,

D0 = [b0,Ω
−1A0], b0 = [1,−β′

0]
′, A0 = [β0, Il]

′

and define

S = Z ′Y b0

T = Z ′Y Ω−1A0

Let i-the row of V be denoted by Vi·. Due to Vi· are i.i.d. N (0,Ω), the joint density of Vi· is

f(V ) = (2π)−n/2|Ω|−n/2 exp

(
−1

2

n∑
i=1

V ′
i·Ω

−1Vi·

)

Note
∑n

i=1 V
′
i·Ω

−1Vi· = tr(V Ω−1V ′), so the log-likelihood is

L(Π∗,Φ,Ω) = −n
2
log |Ω| − 1

2
tr(Ω−1V ′V )

= −n
2
log |Ω| − 1

2
tr[Ω−1(Y − ZΠ∗ −X1Φ)

′(Y − ZΠ∗ −X1Φ)]

Letting ∂L/∂Φ = 0 gives estimate Φ̂, i.e.,

tr[Ω−1(Y − ZΠ∗ −X1Φ̂)
′X1] = 0 =⇒ Φ̂ = (X ′

1X1)
−1X ′

1(Y − ZΠ∗)

Plugging Φ̂ to the log-likelihood will concentrate out Φ, note

V̂ = Y − ZΠ∗ −X1Φ̂ =MX1(Y − ZΠ∗) =MX1V
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where the last step is due to MX1X1 = 0. So the concentrated log-likelihood can be written

as

L(Y ; β,Π,Ω) = −n
2
log |Ω| − 1

2
tr(Ω−1V ′MX1V ) (30)

= −n
2
log |Ω| − 1

2
tr(Ω−1(Y − ZΠ∗)

′MX1(Y − ZΠ∗)) (31)

where A = [β, Il]
′ and Π∗ = ΠA′. We want to concentrate out Π. Maximizing the above is

equivalent to

min
Π∗:Π∗b=0

1

2
tr(Ω−1(Y − ZΠ∗)

′MX1(Y − ZΠ∗))

The Lagrangian is, with the multiplier Λ,

L =
1

2
tr(Ω−1(Y − ZΠ∗)

′MX1(Y − ZΠ∗)) + tr(Λb′Π′
∗)

The FOC for Π∗ is, (note ∂
∂x
(f(x)′Af(x)) = 2 ∂

∂x
f(x)′Af(x))

−Z ′MX1(Y − ZΠ̂∗)Ω
−1 + Λb′ = 0

Note MX1Z = Z, we have

Z ′ZΠ̂∗ = Z ′Y − Λb′Ω

Π̂∗ = (Z ′Z)−1Z ′Y − (Z ′Z)−1Λb′Ω

And Π̂∗b = 0 gives

Λ =
Z ′Y b

b′Ωb

So we have

Π̂∗ = (Z ′Z)−1Z ′Y − (Z ′Z)−1Z ′Y b(b′Ωb)−1b′Ω

Then we need to plug Π̂∗ back into (31). Note if we set X = [X1, X2]

Z =MX1X2 =⇒ MX1 =MX +NZ

and MXZ = (MX1 −NZ)Z = Z − Z = 0, so

Ω−1(Y − ZΠ̂∗)
′MX1(Y − ZΠ̂∗) = Ω−1(Y − ZΠ̂∗)

′(MX +NZ)(Y − ZΠ̂∗)
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= Ω−1Y ′MXY + Ω−1(Y − ZΠ̂∗)
′NZ(Y − ZΠ̂∗)

and note Z ′Y − Z ′ZΠ̂∗ = Λb′Ω, we have

(Y − ZΠ̂∗)
′NZ(Y − ZΠ̂∗) = (Y − ZΠ̂∗)

′Z(Z ′Z)−1Z ′(Y − ZΠ̂∗)

= ΩbΛ′(Z ′Z)−1Λb′Ω =
Ωbb′Y ′Z(Z ′Z)−1Z ′Y bb′Ω

(b′Ωb)2

=
Ωbb′Y ′NZY bb

′Ω

(b′Ωb)2

So (31) is further concentrated as

Lc(Y ; β,Ω) = −n
2
log |Ω| − 1

2
tr(Ω−1Y ′MXY + Ω−1(Y − ZΠ̂∗)

′NZ(Y − ZΠ̂∗))

= −n
2
log |Ω| − 1

2

[
tr(Ω−1Y ′MXY ) + tr

(
bb′Y ′NZY bb

′Ω

(b′Ωb)2

)]
= −n

2
log |Ω| − 1

2

[
tr(Ω−1Y ′MXY ) +

b′Y ′NZY b

b′Ωb

]
(32)

Maximizing Lc(Y ; β,Ω) is equivalent to

min
b

b′Y ′NZY b

b′Ωb
=

(Ω1/2b)′Ω−1/2Y ′NZY Ω−1/2(Ω1/2b)

(Ω1/2b)′(Ω1/2b)
= λ̄min

where λ̄min is the minimum eigenvalue of Ω−1/2Y ′NZY Ω−1/2, which gives us the maximum

of Lc,

Lc(Y ; β̂,Ω) = −n
2
log |Ω| − 1

2

[
tr(Ω−1Y ′MXY ) + λ̄min

]
And (32) implies the likelihood ratio

LR0 =
b0Y

′NZY b0
b′0Ωb0

− λ̄min

Let

S̄ = (Z ′Z)−1/2S(b′0Ωb0)
−1/2, S = Z ′Y b0, S̄ ∈ Rk×1

T̄ = (Z ′Z)−1/2T (A′
0Ω

−1A0)
−1/2, T = Z ′Y Ω−1A0, T̄ ∈ Rk×l

then

S̄ ′S̄ =
S ′(Z ′Z)−1S

b0Ωb0
=
b′0Y

′Z(Z ′Z)−1Z ′Y b0
b0Ωb0
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so

LR0 = S̄ ′S̄ − λ̄min

By the way, λ̄min is also the smallest eigenvalue of

(S̄, T̄ )′(S̄, T̄ ) =

 S̄ ′S̄ S̄ ′T̄

T̄ ′S̄ ′ T̄ ′T̄


To see this, note

(S̄, T̄ ) = (Z ′Z)−1/2Z ′Y Ω−1/2 [Ω1/2b0(b
′
0Ωb0)

−1/2,Ω−1/2A0(A
′
0Ω

−1A0)
−1]︸ ︷︷ ︸

J

The matrix J ∈ R(l+1)×(l+1) is special, it’s an orthogonal matrix. Let’s check

J ′J =

 I1 01×l

0l×1 Il

 = Il+1

for [Ω1/2b0(b
′
0Ωb0)

−1/2]′[Ω−1/2A0(A
′
0Ω

−1A0)
−1] = [b′0A0(A

′
0Ω

−1A0)
−1]/(b′0Ωb0)

1/2 = 01×l due

to b′0A0 = 01×l. Then we have

(S̄, T̄ )′(S̄, T̄ ) = [(Z ′Z)−1/2Z ′Y Ω−1/2J ]′[(Z ′Z)−1/2Z ′Y Ω−1/2J ]

= J ′Ω−1/2Y ′Z(Z ′Z)−1Z ′Y Ω−1/2J

= J ′(Ω−1/2Y ′NZY Ω−1/2)J

So (S̄, T̄ )′(S̄, T̄ ) and Ω−1/2Y ′NZY Ω−1/2 share the same set of eigenvalues.

• Simplifications

(i) The β is scalar, i.e., l = 1. Then (S̄, T̄ )′(S̄, T̄ ) is 2 × 2 matrix. By quadratic

equation algebra. The solution has a closed form.

(ii) When l = 1 and in the just-identified case, so that l = k = 1, the LRT becomes

AR test

13



5.3 AMS, Andrews, Moreira, and Stock (2006)

Suppose

y1︸︷︷︸
n×1

= y2︸︷︷︸
n×1

β +Xγ1 + u (33)

y2︸︷︷︸
n×1

= Z̃︸︷︷︸
n×k

π + X︸︷︷︸
n×p

ξ1 + v2 (34)

where observed variables are (y1, y2, X, Z̃), unobserved errors are (u, v2); unknown parame-

ters are (β, γ1, π, ξ1). The equation (34) implies

y2 = (I − PX)Z̃π + PXZ̃π +Xξ1 + v2

= Zπ +X
[
(X ′X)−1X ′Z̃π + ξ1

]
+ v2

= Zπ +Xξ + v2

y1 = (Zπ +Xξ + v2)β +Xγ1 + u

= Zπβ +X(βξ + γ1) + βv2 + u

= Zπβ +Xγ + v1

In matrix form

Y = Zπa′ +Xη + V

5.4 Weak GMM, Kleibergen (2005).

Parameter of interest θ = (θ1, · · · , θm)′ ∈ Rm and f : Rm → Rkf . We have moment condition

E(f(θ0, Yt)) = 0, t = 1, · · · , T, kf ≥ m

To estimate θ, we use Hansen’s GMM.

Q(θ) = fT (θ, Y )′V̂ff (θ)
−1fT (θ, Y )

5.5 HAC-IV, Moreira and Moreira (2019).

Some Kronecker product algebra, let’s say A ∈ Rn×n, B ∈ Rm×m

(A⊗B)′ = A′ ⊗B′ (A⊗B)−1 = A−1 ⊗B−1

14



(A⊗B)(C ⊗D) = AC ⊗BD

A⊗B ⊗ C = A⊗ (B ⊗ C)

tr(A⊗B) = tr(A) tr(B)

|A⊗B| = |A|m|B|n

eigen-property

The model is simpler than Moreira (2003). One endogenous variable (l = 1), no other control

variables (r = 0) which can be justified by “projection arguments” in Andrews, Moreira, and

Stock (2006).

y1︸︷︷︸
n×1

= y2︸︷︷︸
n×1

β + u

y2︸︷︷︸
n×1

= Z︸︷︷︸
n×k

π︸︷︷︸
k×1

+v2

Note

y1 = (Zπ + v2)β + u = Zπβ + (v2β + u)︸ ︷︷ ︸
v1

then the reduced-form model is

Y = [y1, y2] = Zπ [β, 1]︸ ︷︷ ︸
a′

+ [v1, v2]︸ ︷︷ ︸
V

Let

P1 = Z(Z ′Z)−1/2, P1 ∈ Rn×k

[P1, P2] ∈ On, On is the group of n× n orthogonal matrices

Consider tests based on R = P ′
1Y , specifically,

R = (Z ′Z)−1/2Z ′Zπa′ + (Z ′Z)−1/2Z ′V = µa′ + (Z ′Z)−1/2Z ′V, R ∈ Rk×2

µ = (Z ′Z)1/2π, µ ∈ Rk×1

where (Z ′Z)−1/2Z ′V is assumed to be normally distributed with zero mean and a known

variance Σ. To proceed, let

R̄ = vec(R) = vec(µa′ + (Z ′Z)−1/2Z ′V )

15



E(R̄) = vec(µa′) = (a⊗ Ik)vec(µ) = (a⊗ Ik)µ

Var(R̄) = Σ ∈ R2k×2k by assumption

due to vec(ABC) = (C ′ ⊗ A)vec(B). Let

b0 = (1,−β0)′

Cβ0 = [(b′0 ⊗ Ik)Σ(b0 ⊗ Ik)]
−1/2

Mβ0 = [(a′0 ⊗ Ik)Σ
−1(a0 ⊗ Ik)]

−1/2

Then we consider a 1-1 transformation of R̄ by pre-multiplying R̄ with a full rank matrix

W as follows, S
T

 = WR̄ =

A
B

 R̄ =

 Cβ0(b
′
0 ⊗ Ik)

Mβ0(a
′
0 ⊗ Ik)Σ

−1

 R̄

for (S, T ) has the variance A
B

Σ(A′B′) =

AΣA′ AΣB′

BΣA′ BΣB′

 (35)

and we calculate

AΣA′ = Cβ0(b
′
0 ⊗ Ik)Σ(b0 ⊗ Ik)Cβ0 = Ik, BΣB′ = Ik

AΣB′ = Cβ0(b
′
0 ⊗ Ik)ΣΣ

−1(a0 ⊗ Ik)Mβ0 = Cβ0(b
′
0a0 ⊗ Ik)Mβ0 = 0

So S and T are independent. And

E(S) = Cβ0(b
′
0 ⊗ Ik)(a⊗ Ik)µ = (β − β0)Cβ0µ, for b′0a = (1,−β0)(β, 1)′ = β − β0

E(T ) =Mβ0(a
′
0 ⊗ Ik)Σ

−1(a⊗ Ik)µ = [(a′0 ⊗ Ik)Σ
−1(a0 ⊗ Ik)]

−1/2(a′0 ⊗ Ik)Σ
−1(a⊗ Ik)︸ ︷︷ ︸

Dβ

µ = Dβµ

so the joint density of (S ′, T ′)′ is

fβ,µ(s, t) = (2π)−k/2 exp

(
−∥s− (β − β0)Cβ0µ∥2

2

)
(2π)−k/2 exp

(
−∥t−Dβµ∥2

2

)
= fS

β,µ(s)× fT
β,µ(t)
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(a) The Anderson-Rubin test.

AR = S ′S ∼ χ2(k)

(b) Likelihood ratio test.

Note R̄ ∼ N ((a⊗ Ik)µ,Σ), so

Ln(β, µ) = −1

2
(R̄− (a⊗ Ik)µ)

′Σ−1(R̄− (a⊗ Ik)µ)

Concentrating out µ implies

∂

∂µ
Ln = (a′ ⊗ Ik)Σ

−1(R̄− (a⊗ Ik)µ) = 0

So

µ̂(β) = [(a′ ⊗ Ik)Σ
−1(a⊗ Ik)]

−1(a′ ⊗ Ik)Σ
−1R̄

Substituting back to Ln gives

Lc
n(β) = −1

2
(R̄− (a⊗ Ik)µ̂)

′Σ−1(R̄− (a⊗ Ik)µ̂)

= −1

2
R̄′Σ−1R̄ + [(a⊗ Ik)µ̂]

′Σ−1R̄− 1

2
[(a⊗ Ik)µ̂]

′Σ−1[(a⊗ Ik)µ̂]

= −1

2
R̄′Σ−1R̄ + µ̂′(a′ ⊗ Ik)Σ

−1R̄− 1

2
µ̂(a′ ⊗ Ik)Σ

−1R̄

= −1

2
R̄′Σ−1R̄ +

1

2
µ̂′(a′ ⊗ Ik)Σ

−1R̄

= −1

2
R̄′Σ−1R̄ +

1

2
R̄′Σ−1(a⊗ Ik)[(a

′ ⊗ Ik)Σ
−1(a⊗ Ik)]

−1(a′ ⊗ Ik)Σ
−1R̄

= −1

2
R̄′Σ−1R̄ +

1

2
(Σ−1/2R̄)′NΣ−1/2(a⊗Ik)

Σ−1/2R̄

and note T = [(a′0 ⊗ Ik)Σ
−1(a0 ⊗ Ik)]

−1/2(a′0 ⊗ Ik)Σ
−1R̄

T ′T = R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1(a′0 ⊗ Ik)Σ

−1R̄

= R̄′Σ−1/2NΣ−1/2(a⊗Ik)
Σ−1/2R̄

so the likelihood ratio test is

LR = 2[max
β

Lc
n(β)− Lc

n(β0)]

= max
a

(Σ−1/2R̄)′NΣ−1/2(a⊗Ik)
Σ−1/2R̄− T ′T
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(c) LM test.

We need to calculate ∂
∂β
Lc
n(β). Let X = Σ−1/2(a⊗ Ik) ∈ R2k×k, P = (X ′X)−1 ∈ Rk×k,

we have dP = −P (dX ′ ·X +X ′dX)P due to the following reason,

d((X ′X)P ) = dI = 0 =⇒ d(X ′X) · P + (X ′X)dP = 0

dP = −(X ′X)−1d(X ′X) · P

= −P (dX ′ ·X +X ′dX)P

Note

dNX = d(XPX ′) = dX · PX ′ −X[P (dX ′ ·X +X ′dX)P ]X ′ +XPdX ′

Ẋ =
∂X

∂β
=
∂Σ−1/2(a⊗ Ik)

∂β
= Σ−1/2(e1 ⊗ Ik) ∈ R2k×k

∂NX

∂β
= ẊPX ′ −X[P (Ẋ ′X +X ′Ẋ)P ]X ′ +XPẊ ′

= ẊPX ′ −XPẊ ′XPX ′ −XPX ′ẊPX ′ +XPẊ ′

= (I2k −XPX ′)ẊPX ′ +XPẊ ′(I2k −XPX ′)

= A+ A′

where A ∈ R2k×2k. Therefore

∂Lc
n(β)

∂β
=

1

2
R̄′Σ−1/2(A+ A′)Σ−1/2R̄

=
1

2
R̄′Σ−1/2AΣ−1/2R̄ +

1

2
R̄′Σ−1/2A′Σ−1/2R̄, “scalar”

= R̄′Σ−1/2A′Σ−1/2R̄

= R̄′Σ−1(a⊗ Ik)[(a
′ ⊗ Ik)Σ

−1(a⊗ Ik)]
−1(e′1 ⊗ Ik)Σ

−1/2MΣ−1/2(a⊗Ik)
Σ−1/2R̄

and clearly,

∂Lc
n(β0)

∂β
= R̄′Σ−1(a0 ⊗ Ik)[(a

′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1(e′1 ⊗ Ik)Σ

−1/2MΣ−1/2(a0⊗Ik)
Σ−1/2R̄

= R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1(e′1 ⊗ Ik)Σ

−1/2MΣ−1/2(a0⊗Ik)
Σ−1/2((e1, a0 − β0e1)⊗ Ik)R̄

for (e1, a0 − β0e1) = I2 implies (e1, a0 − β0e1)⊗ Ik = I2k. Define

[ X1︸︷︷︸
2k×k

, X2︸︷︷︸
2k×k

] = [Σ−1/2(e1 ⊗ Ik),Σ
−1/2(a0 ⊗ Ik)] = Σ−1/2[e1, a0]⊗ Ik
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so the derivative of the log-likelihood under the null is

∂Lc
n(β0)

∂β
= R̄′Σ−1(a0 ⊗ Ik)[(a

′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1X ′

1MX2 [X1, X2 − β0X1]R̄

= R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1X ′

1MX2 [X1,−β0X1]R̄

= R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1X ′

1MX2X1[Ik,−β0Ik]R̄

= R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1X ′

1MX2X1(b
′
0 ⊗ Ik)R̄

and note

([X1, X2]
′[X1, X2])

−1 =
[
([e1, a0]

′ ⊗ Ik)Σ
−1[e1, a0]⊗ Ik

]−1

= ([e1, a0]
−1 ⊗ Ik)Σ([e1, a0]

′−1 ⊗ Ik)

=

1 −β0
0 1

⊗ Ik

Σ

 1 0

−β0 1

⊗ Ik


=

b′0 ⊗ Ik

e′2 ⊗ Ik

Σ (b0 ⊗ Ik, e2 ⊗ Ik)

On the other hand, by the 2× 2 block matrix inverse

([X1, X2]
′[X1, X2])

−1 =

X ′
1X2 X ′

1X2

X ′
2X1 X ′

2X2

−1

=

[X ′
1X1 −X ′

1X2(X
′
2X2)

−1X ′
2X1]

−1 ·

· ·

 =

(X ′
1MX2X1)

−1 ·

· ·


So we have

C−2
β0

= (b′0 ⊗ Ik)Σ(b0 ⊗ Ik) = (X ′
1MX2X1)

−1 =⇒ C2
β0

= X ′
1MX2X1

so

∂Lc
n(β0)

∂β
= R̄′Σ−1(a0 ⊗ Ik)[(a

′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1C2

β0
(b′0 ⊗ Ik)R̄

= R̄′Σ−1(a0 ⊗ Ik)[(a
′
0 ⊗ Ik)Σ

−1(a0 ⊗ Ik)]
−1Cβ0S

= R̄′Σ−1(a0 ⊗ Ik)D
−2
β0
Cβ0S

= T ′D−1
β0
Cβ0S
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So conditional on T ,

∂Lc
n(β0)

∂β
= (Cβ0D

−1
β0
T )′S ∼ N (0, T ′D−1

β0
C2

β0
D−1

β0
T )

and the LM test should be constructed as

LM = S ′(Cβ0D
−1
β0
T )[(Cβ0D

−1
β0
T )′(Cβ0D

−1
β0
T )]−1(Cβ0D

−1
β0
T )′S

= S ′NCβ0
D−1

β0
TS

(d) MM1 test.

In terms of R̄.

Consider

hΛ(s, t) =

∫
fβ,µ(s, t)dΛ(β, µ)

and the conditional log-likelihood ratio is

hΛ(s, t)

fS
β0
(s)

Note (S ′, T ′)′ = WR̄, so

fβ,µ(s, t) = f R̄
β,µ(r̄) · |W−1|

for |WΣW | = I implying |W−1| = Σ1/2. So we can just consider f R̄
β,µ(r̄) and |W−1| as

constant will be absorbed into critical value,

R̄ ∼ N ((a⊗ Ik)µ,Σ)

Set a prior for (β, µ),

• β ∼ N (β0, σ
2
b ).

• µ ∼ N (0, σ2Φ), µ ∈ Rk.

so

(a⊗ Ik)µ ∼ N (0, σ2(a⊗ Ik)Φ(a
′ ⊗ Ik))
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Due to the independence of R̄’s mean and its error variance,

R̄ | β ∼ N (0,Σ + σ2(a⊗ Ik)Φ(a
′ ⊗ Ik))

so the density of R̄ | β is given by

(2π)−k|Σ + σ2(a⊗ Ik)Φ(a
′ ⊗ Ik)|−1/2 exp

{
−1

2
r̄′[Σ + σ2(a⊗ Ik)Φ(a

′ ⊗ Ik)]
−1r̄

}
so integrating the above over β’s distribution gives

h1(r;σ
2) = (2π)−k−1/2

∫ ∞

−∞

∣∣Σ + σ2(a⊗ Ik)Φ(a
′ ⊗ Ik)

∣∣−1/2

× exp

{
− r̄

′[Σ + σ2(a⊗ Ik)Φ(a
′ ⊗ Ik)]

−1r̄

2
− (β − β0)

2

2σ2
b

}
dβ

There is some subtleties on the denominator fSfT and critical value and the idea of

conditional inference, conditional on the sufficient statistic.

In terms of (S, T ).

Note S
T

 = WR̄ =

 Cβ0(b
′
0 ⊗ Ik)

Mβ0(a
′
0 ⊗ Ik)Σ

−1

 R̄

Var(WR̄) = W (Σ + σ2(a⊗ Ik)Φ(a
′ ⊗ Ik))W

′

= WΣW ′ + σ2[W (a⊗ Ik)]Φ[W (a⊗ Ik)]
′

= I2k + σ2

 Cβ0(b
′
0 ⊗ Ik)(a⊗ Ik)

Mβ0(a
′
0 ⊗ Ik)Σ

−1(a⊗ Ik)

Φ

 Cβ0(b
′
0 ⊗ Ik)(a⊗ Ik)

Mβ0(a
′
0 ⊗ Ik)Σ

−1(a⊗ Ik)

′

= I2k + σ2

(β − β0)Cβ0

Dβ

Φ

(β − β0)Cβ0

Dβ

′

= I2k + σ2

(β − β0)
2Cβ0ΦC

′
β0

(β − β0)Cβ0ΦD
′
β

(β − β0)DβΦC
′
β0

DβΦD
′
β


≡ Ψβ,σ

(e) MM2 test.
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Define lβ = (cβ, dβ)
′, where

cβ = (β − β0)(b
′
0Ωb0)

−1/2

dβ = a′Ω−1a0(a
′
0Ω

−1a0)
−1/2

and adopt reparameterization

tan θ =
dβ
cβ
, θ ∈ [−π, π]

The above reparametrization implies an implicit function β = β(θ). We set

• θ ∼ Unif[−π, π].

• µ | θ ∼ N (0, ∥lβ(θ)∥−2ζΦ)

Like MM1,

R̄ | θ ∼ N (0,Σ + ζ∥lβ(θ)∥−2(a⊗ Ik)Φ(a
′ ⊗ Ik))

with density conditional on θ,

(2π)−k
∣∣Σ + ζ∥lβ(θ)∥−2(a⊗ Ik)Φ(a

′ ⊗ Ik)
∣∣−1/2

exp

{
−
r̄′(Σ + ζ∥lβ(θ)∥−2(a⊗ Ik)Φ(a

′ ⊗ Ik))
−1r̄

2

}
where a = aβ(θ) = (β(θ), 1), implying

h2(r; ζ) = (2π)−k−1

∫ π

−π

∣∣Σ + ζ∥lβ(θ)∥−2(aβ(θ) ⊗ Ik)Φ(a
′
β(θ) ⊗ Ik)

∣∣−1/2

exp

{
−
r̄′(Σ + ζ∥lβ(θ)∥−2(aβ(θ) ⊗ Ik)Φ(a

′
β(θ) ⊗ Ik))

−1r̄

2

}
dθ

5.6 Conditional linear combination (CLC) test

The general question.

• A sequence of model index by sample size T , the data follows distribution FT (θ, γ).

• Parameter of interest θ ∈ Θ ⊆ Rp, nuisance γ ∈ Γ ⊆ Rl, and γ is consistently estimable.

• Testing problem H0 : θ = θ0.

• Assume we observe three objects:
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– A k-dimensional vector gT (θ0): “moments”.

– A k × p matrix ∆gT (θ0): some transformation of the Jacobian of gT w.r.t. θ.

– An estimate γ̂ for γ.

• Assume ∀ (θ, γ) ∈ Θ× Γ, we have

γ̂
P→ γ along FT (θ, γ)

and  gT (θ0)

∆gT (θ0)

 d→

 g

∆g


where  g

vec(∆g)

 ∼ N

 m

vec(µ)

 ,

 I Σgθ

Σθg Σθθ

 (36)

in which µ ∈ M, m = m(θ, θ0, γ) ∈ M(µ, γ) ⊆ Rk, that is, the set of possible value of

m is determined by µ and γ.1 Further assume Σθg and Σθθ are continuous function of

γ, and are thus consistently estimable, and Σθg ∈ Rkp×k.

• The null θ = θ0 implies m = 0. So testing problem becomes

H0 : m = 0, µ ∈ M against H1 : m ∈ M(µ) \ {0}, µ ∈ M

Examples.

(i) Weak IV.

Linear instrumental variable with a single endogenous regressor, k , in reduced form:

Y = Zπβ + V1,

X = Zπ + V2,

1To gain some intuition, the m will be different under the null and alternative, therefore its range depends

on some “description” of the identification strength, µ, and of course depends on the nuisance, γ. In weak

jump setting, µ denotes the size of the jump, and γ can be the pre/post-announcement volatilities.
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for Z is T × k, all of Y , X, V1 and V2 are T × 1. The identifying assumption is

E[V1,tZt] = E[V2,tZt] = 0

So moment condition is

ft(β) = (Yt −Xtβ)Zt

where Zt is the transpose of row t of Z, and we have the identifying assumption

Eβ[ft(β)] = 0

For fixed π ̸= 0, it’s straightforward to construct consistent, asymptotically normal

GMM estimates. In weakly-identified case, we let π = πT = c√
T
for c ∈ Rk.

Define

fT (β) =
1

T

T∑
t=1

ft(β)

therefore

fT (β0) =
1

T

T∑
t=1

[Z ′
tπ(β − β0) + V1,t − β0V2,t]Zt

− ∂

∂β
fT (β0) =

1

T

T∑
t=1

XtZt =
1

T

T∑
t=1

(Z ′
tπ + V2,t)Zt

and let Ω be the asymptotic variance of
√
T (fT (β0)

′,− ∂
∂β
fT (β0)

′)′,

Ω =

Ωff Ωfβ

Ωβf Ωββ

 = lim
T→∞

Var

√
T

 fT (β0)

− ∂
∂β
fT (β0)


Note Ωff ,Ωfβ,Ωββ are all k × k and we assume Ωff is full-rank.2 Let Ω̂ consistently

estimates Ω, define

gT (β) =
√
T Ω̂

− 1
2

ff fT (β)

∆gT (β) = −
√
T Ω̂

− 1
2

ff

∂

∂β
fT (β)

2One example: if instruments are linearly dependent, then Ωff is not full-rank.
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γ̂ = vec(Ω̂)

for θ = β, Θ = R, γ = vec(Ω), Γ is the set of values s.t. Ω(γ) is symmetric and positive

definite. For all (θ, γ) ∈ Θ× Γ, under mild conditions, we have the weak convergence

and the limit problem3 gT (β0)

∆gT (β0)

 d→

 g

∆g

 ∼ N

m
µ

 ,

 I Σgθ

Σθg Σθθ

 (37)

where

m = Ω
− 1

2
ff QZc(β − β0), QZ = plim

T→∞

1

T
Z ′Z

µ = Ω
− 1

2
ff QZc ∈ M = Rk

Σgθ = Ω
− 1

2
ff ΩfβΩ

− 1
2

ff , Σθθ = Ω
− 1

2
ff ΩββΩ

− 1
2

ff

Exercise: verify the weak convergence and the limit problem (37).

Note m = (β − β0)µ, which means m ∈ M(µ) ≡ {bµ : b ∈ R} for any given µ. And

m = 0 when β = β0.

(ii) Minimum distance.

Parameter of interest, structural parameters θ ∈ Rp.

Reduced form parameters, η ∈ Rk, with Ω̂
−1/2
η (η̂ − η)

d→ N (0, I).

The model implies

η = f(θ)

so we form the estimate

θ̂ = argmin
θ

(η̂ − f(θ))′Ω̂−1
η (η̂ − f(θ))

• Under strong identification asymptotics, η̂ − η = Op(
1√
T
).

3here the ∆g itself is a k × 1 vector, so no need to use vec(·).
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• If Ω̂η
p→ Ωη which is non-degenerate, then η̂ is not consistent for η. The η is like the

first-stage regression coefficient in weak IV setting. In this case, the nonlinearity

of f(θ) will remain important even in large samples, whose weak identification

corresponds to Andrews and Mikusheva (2016).

Let

gT (θ) = Ω̂−1/2
η (η̂ − f(θ))

∆gT (θ) = − ∂

∂θ′
gT (θ) = Ω̂

− 1
2

η
∂

∂θ′
f(θ)

γ = vec(Ωη), γ̂ = vec(Ω̂η)

Γ = {γ = vec(Ω) : Ω is symmetric p.d.}

Note

gT (θ0) = Ω̂−1/2
η (η̂ − f(θ)) + Ω̂−1/2

η (f(θ)− f(θ0))

So let m = lim Ω̂
−1/2
η (f(θ)− f(θ0)) = Ω

− 1
2

η (f(θ)− f(θ0)), we have gT (θ0)

vec(∆gT (θ0))

 d→

 g

vec(∆g)

 ∼ N

 m

vec(µ)

 ,

I 0

0 0

 (38)

where m ∈ M = {Ω−1/2
η (f(θ) − f(θ0)) : θ ∈ Θ} and µ = Ω

− 1
2

η
∂
∂θ′
f(θ0) is a constant

which explains why (38) is of that variance structure. And µ clearly affects M for it

(the first order asymptotics, slope) clearly determines the shape of f(·).

We then focus on the limit problem (36)

H0 : m = 0, µ ∈ M against H1 : m ∈ M(µ) \ {0}, µ ∈ M (39)

with (g,∆g, γ) being observed.

Pivotal Statistics under Weak Identification

• S = g′g ∼ χ2
k(m

′m).
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• Define D as the k × p matrix s.t.

vec(D) = vec(∆g)− Σθgg

and note

Var[vec(D)] = Σθθ − ΣθgΣgθ − ΣθgΣgθ + ΣθgΣgθ = Σθθ − ΣθgΣgθ ≡ ΣD

Cov[g, vec(D)] = Σgθ − Σgθ = 0

so  g

vec(D)

 ∼ N

 m

vec(µD)

 ,

I 0

0 ΣD


where vec(µD) = vec(µ)− Σθgm, let µD ∈ MD, and we write

m ∈ MD(µD) ≡ {m : m ∈ M(µ) for vec(µ) = vec(µD) + Σθgm}

here MD plays a role similar to M, defining the set of values m consistent with a given

mean µD for D.

K = g′D(D′D)−1D′g = gPDg (40)

and

J = S −K = g′(I −D(D′D)−1D)g = g′(I − PD)g (41)

We focus on class of tests written as function of S, K and D.

• Conditional on D = d for d full column-rank, note D ∈ Rk×p, this implicitly impose

k ≥ p, actually meaningful with strictly k > p, which implies the over-identified models:

more moments than number of parameters to be estimated.

• Important insights:

• Go back to the minimum distance example (continued).

∆g is nonrandom, so Σθg = 0, D = ∆g = µ = µD. Assume Ωη = I to simplify the

exposition, then

(τJ , τK)
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• Go back to the weak instrument example (continued).

In this example, ∆g is random and can be correlated with g, D = ∆g − Σθgg ∈ Rk×1

and µD = µ− Σθgm where m = µ(β − β0) and µ = Ω
− 1

2
ff QZc, so

µD = µ− Σθgµ(β − β0) = (I − Σθg(β − β0))µ

if µ is proportional to a eigenvector of Σθg corresponding to a nonzero eigenvalue λ,

λµ = Σθgµ

then

µD = µ− λµ(β − β0)

If β − β0 = λ−1, then µD = 0. Note K = g′PDg = (D′g)2

D′D
, under the null K ∼ χ2(0), ,

the well-known non-monotonicity of the power function for tests based on K.

5.7 Summary

Tests: AR, LM, CLR, CLC, MM1, MM2, CIL. Conditions: LU, SU.

6 Test for weak instrument
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